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ABSTRACT
In recent years, the field of fibre optics has witnessed 
remarkable progress in the technological aspects of optical 
communications, with demonstration systems already operational in 
many countries. These practical advances have indicated the need 
for increased theoretical effort aimed at quantifying the 
capabilities of the many aspects of an optical communication 
system: e.g. sources, fibres, joints, measurement techniques.
With much of the formalism of fibre analysis now firmly 
established, the fibre theorist may fruitfully turn to problems 
of more direct relevance to the systems designer, e.g. 
clarification of the effects of manufacturing imperfections on 
transmission performance. The work of this thesis follows this 
aim, by providing quantitative analyses of various facets of the 
launching and propagation of power in optical fibres.
The thesis begins by reviewing the basic theory of the 
two formalisms commonly applied in the analysis of optical wave­
guides: electromagnetic modal theory and geometric optics. The
fibre geometry in the cross-sectional plane is assumed to be 
circularly symmetric, and descriptions of the launching and 
propagation of light in these structures is given in terms of the 
alternative representations of modes and rays. In a later chapter, 
the necessary modifications to the geometric optics analysis caused 
by the lack of this assumed circular symmetry, are investigated. 
However, the existing theories are first applied to a variety of 
problems involving step and graded index fibres of circular cross- 
section.
The first such problem concerns the excitation of graded 
index fibres by obliquely incident parallel beams. General 
analytical and numerical results are given for the excitation 
efficiencies of the bound and tunnelling rays. The relevance of 
these results to fibre excitation by more complicated sources,
vii
(e.g. partially coherent sources), and to the appearance of the fibre 
output face is discussed. Also, the graded index fibre equivalent 
of the black-band phenomenon in step index fibres is described, and 
its application to profile determination considered.
The introduction of a focusing lens in the excitation system 
is then treated, using the full electromagnetic analysis for step 
index fibres. Included are the effects on coupling efficiency of 
transverse, longitudinal and angular misalignment of the lens and 
fibre axes. The accuracy of various approximations such as geometric 
optics in multimode fibres, and Gaussian modal fields in monomode 
fibres is also investigated.
This analysis of lens excitation is applied in a separate 
chapter, to the visual system of the fly. Numerical results are 
presented for the effects of the varying focal lengths, tapering 
photoreceptors, and chromatic aberration that have been experimentally 
observed. An aim of this chapter is to identify the role of the 
wave nature of light in the excitation of visual photoreceptors.
The propagation effects considered in this thesis are pulse 
dispersion, tunnelling attenuation and cladding absorption. 
Quantitative results are given for the effect on tunnelling power 
attenuation and impulse response in graded index fibres, of the 
angular alignment of the collimated beam source. Similar calculations 
for the effects of cladding absorption are also given for a graded 
index fibre excited by a Lambertian source. The graded fibres are 
shown to be far less susceptible to the effect of cladding absorption 
than step index fibres.
Since the cross-sections of practical optical fibres do 
not have perfect circular symmetry, the appropriate mathematical 
representation of a noncircular refractive index profile is discussed. 
It is shown that the basic power law profile in circular fibres should 
be replaced by a grading function which is a homogeneous function of 
the transverse cartesian coordinates x,y. Multimode optical fibres of 
this type are analysed using geometric optics and general properties 
of the ray paths described. The fundamental quantities of interest in 
fibre optics - power acceptance, ray transit time, impulse response - 
are shown to depend on the degree of homogeneity of the grading
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function but not on its specific form. Thus, fibres need not have 
circular symmetry in order to exhibit the desirable properties of 
the circular, power law fibres. Ray paths and classifications are 
analysed in detail for elliptical, parabolic-index fibres. Splicing 
losses are examined, and are shown to be not drastically dependent 
on deviations from circular symmetry.
Finally, the problem of measuring a refractive index profile 
which is noncircular is discussed. Quantitative results are given for 
the effect of noncircularity, on a recently proposed method for the 
measurement of the profile of a fibre preform. Analytical studies 
show how this method can be simply modified for application to 
elliptical preforms.
NOTES ON THE TEXT
(i) References are numbered sequentially within each chapter and 
listed at the end of each chapter e.g. [9].
(ii) Equations are numbered sequentially within each section and 
are referred to within the same chapter by section and 
equation number, e.g. (3.24). Equations in other chapters 
are referred to by chapter, section and equation number 
e.g. (4.2.15).
(iii) Figures are numbered sequentially in each chapter and are 
always referenced by chapter and figure number e.g.
Figure 6.3 or (Fig. 6.3).
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CHAPTER 1
INTRODUCTION TO OPTICAL WAVEGUIDE STUDIES
1.1 HISTORICAL OVERVIEW 
(a) Optical communications
The field of fibre optics has, during its development, 
witnessed a curious mixture of both theoretical and applied scientific 
interest - each in turn providing the impetus required to establish 
the important area of research and development that is known today 
as optical communications.
Early investigations of the phenomenon of light guidance 
began perhaps, with Newton’s speculation on what has since been 
identified as the Goos-Hänchen shift [1], and Tyndall’s demonstration 
of total internal reflection inside a water spout [2]. Practical 
applications of this principle appeared in the early twentieth century, 
with the development of devices for image transmission using fibres. 
Used mainly for medical purposes [3], the unsatisfactory performance 
of the unclad fibres in these devices was not improved until the 
technical innovation of van Heel in 1954 [4]. His method of coating 
the fibres with a sheath of lower refractive index led to the 
production of many new fibre optic devices such as a novel screen for 
electron tubes.
It was however, the realization in the 1960s that fibres 
could be used to transmit information at optical frequencies [5,6] 
that triggered a new wave of interest in fibre optics, that is still 
growing today. With this realization came increased efforts to 
improve the theoretical model of electromagnetic propagation on 
dielectric waveguides and a race to produce low-loss glasses which 
would prove the feasibility of long-distance optical communications.
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This latter goal was achieved in 1970 with the announcement of a loss 
of less than 20 dB/km by Kapron et at. [7]. The steady reduction of 
this figure to its present value of ~0.5 dB/km, coupled with many major 
developments in both the theory and application of optical 
communications, has now led to the gradual introduction of this subject 
into undergraduate degree courses, and the widening of the fields 
involved in the study of the optical fibre system. The optical physicist 
has now been joined by the mathematician, materials and solid state 
physicist, communications engineer and others.
As a result, the last decade has seen a dramatic increase 
in the research effort in this field. Figure 1.1 for example shows 
the number of publications, classified under the heading "fiber 
optics", that have appeared in the Journal of the Optical Society of 
America and Applied Optics since 1966. It would therefore be an 
almost impossible task to adequately present a history of the 
innovations and achievements in the study of optical fibres in recent 
years. For these details, the reader is referred to the many 
books [8-16], reviews [17-24] and collections of significant 
papers [25,26], that have been published.
The practical development of optical fibre transmission 
systems has now reached the stage of extensive field trials [27,28], 
and as the final goal of widespread installation of optical systems 
in the world's telecommunications networks is approached, the role 
of the fibre theorist has been slowly changing. While many new ideas 
will undoubtedly continue to occur, there is a range of foreseeable 
problems in the development of fibre communication systems which 
require a better theoretical understanding. The concentration of 
fibre research in the area of systems development has highlighted 
a continuing need for the simplification of theoretical concepts 
and design formulae, optimization of the many parameters of the fibre 
system, improved understanding of measurement techniques, and the 
clarification of the effects of manufacturing imperfections on system 
performance. It is under these last three classifications that the 
contents of this thesis fall.
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Figure 1.1 Number of fibre optics publications appearing in 
Journal of the Optical Society of America and 
Applied Optics since 1966.
(b) Photoreceptor Optics
The study of the electromagnetic theory of dielectric 
waveguides has another important application in the biological 
field - light propagation in visual photoreceptors. The light- 
guiding capability of photoreceptors has been known for many 
years [29], prompting the analysis, in the 1940s, of several 
physiological experiments, e.g. the Stiles-Crawford effect [30,31], 
using geometric optics theory [32,33]. In 1948 however,
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Toraldo di Francia [34] pointed out that since the photoreceptor radii 
are of the order of the wavelength of light, the wave nature of light 
will have an important role in the performance of these waveguides.
This realization has subsequently aroused a major theoretical 
interest in photoreceptor optics, with much of the previous electro­
magnetic analysis of optical fibres finding successful application in 
the investigation of, for example, spectral and angular sensitivities 
in photoreceptors e.g. [35]. Unfortunately for the theorist, these 
minute waveguides lack the helpful symmetries of man-made optical 
fibres, often exhibiting noncircular cross-sections, axial variations 
in structure, birefringence and dichroism, and many other 
complexities. One chapter of this thesis is therefore devoted to 
investigating the effects of these irregularities, e.g. variations in 
lens f-ratio, waveguide tapering, chromatic aberration, on the light 
acceptance properties of the photoreceptor.
1.2 MODES AND RAYS - A CHOICE OF FORMALISM
Since Maxwell’s identification of the electromagnetic 
nature of light, modern physics has had the choice of two methods 
of analysing light propagation - electromagnetic wave theory or 
its zero wavelength asymptotic limit known as geometric optics.
This choice is still available when we study propagation effects in 
optical fibres.
The electromagnetic analysis of an optical fibre is usually 
based on determining the normal modes of the structure from the 
solution of Maxwell’s equations. This procedure is normally quite 
involved, with solutions available for only a limited number of 
index profiles and fibre geometries. Where applicable however, 
the modal analysis provides highly accurate and detailed information, 
and must of course be used when the fibre dimensions are such that 
only a few propagating modes are supported.
The complexity of a modal analysis soon becomes unwieldly 
as the number of propagating modes increases, and in these cases 
the advantages of the geometric optics formalism become clear. Not
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subject to the fibre geometry and profile restrictions of the modal 
approach, geometric optics considers the intensities and directions 
of the ray paths in the fibre - all amplitude and phase information 
is absent. However, classical geometric optics theory (zero wave­
length) can be augmented by the conceptual association of local plane 
waves with these ray directions. Many electromagnetic phenomena 
can then be included within the geometric optics framework, thus 
enabling the accurate analysis of a large variety of propagation 
problems in multimode step and graded index fibres. An additional 
advantageous feature of the geometric optics formalism is clear 
physical interpretation in terms of simple ray directions, that is 
available at each stage of the analysis.
Both these formalisms are employed in this thesis where 
appropriate, and in several problems the agreement of the two is 
investigated.
1.3 SUMMARY OF PRESENTATION
Having briefly identified the two formalisms used in this 
thesis, it is now possible to outline the presentation of the work 
that follows.
The thesis can be roughly divided into four sections. The 
first, introductory section, comprising Chapters 2 and 3, reviews some 
of the basic theory that is applied in subsequent chapters. Chapter 2 
summarizes the electromagnetic mode description of light propagation 
in optical fibres. Also included is the theory of mode excitation, 
which is later used to examine the launching efficiency of various 
sources. The corresponding details of the geometric optics analysis 
are given in Chapter 3. We describe the ray paths in multimode 
graded index fibres, and discuss the analysis of ray launching in 
these waveguides. Throughout the thesis the modal description is 
restricted to step index fibres, but we investigate the agreement of 
the mode and ray approaches in several of the problems considered.
The techniques outlined in this introductory section are 
then applied, in Chapters 4,5 and 6, to the analysis of the power
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launching efficiency of several sources. In Chapter 4 we examine the 
excitation of both step and graded index fibres by a collimated beam.
The analysis of such a source is instrumental in the understanding 
of the excitation mechanism and forms the basis of many other sources 
through the principle of superposition. We investigate the effects 
of introducing a lens into the excitation system in Chapter 5, where 
we consider the focusing of a plane wave onto both multimode and 
single mode fibres in order to evaluate the effects of the various 
misalignments that can be present in a corresponding experimental 
situation. In addition, the agreement of the mode and ray approaches 
is investigated where appropriate.
This analysis of lens excitation is applied in Chapter 6, 
to the visual system of the fly, in order to determine the effects 
of the varying focal lengths, tapering photoreceptors, and chromatic 
aberration that have been observed. This chapter quantifies the role 
of the wave properties of light in the excitation of visual 
photoreceptors.
Various propagation phenomena in multimode fibres are the 
subject of the next section, Chapters 7 and 8. We consider circularly 
symmetric fibres and discuss, in Chapter 7, the theory of pulse 
dispersion, tunnelling attenuation, and cladding attenuation for 
graded index profiles. The application of this theory in Chapter 8, 
enables the calculation of the impulse response of graded index 
fibres exhibiting the attenuation mechanisms mentioned above.
Chapters 9 and 10 are devoted to the study of multimode, 
graded index fibres that lack the circular symmetry assumed in the 
previous work. We first identify the general class of noncircular 
profiles that is applicable to the CVD manufacturing process, and 
then determine many properties of the bound rays in these fibres: 
e.g. ray transit time, power acceptance and impulse response.
Detailed solutions are given for the ray paths in elliptical fibres 
with a parabolic index grading function, and the role of non­
circularity in causing power loss at fibre joints, is also determined. 
Chapter 10 investigates the measurement of the refractive index 
profile in these noncircular fibres by extending a backscatter profiling 
technique to the case of fibre preforms with noncircular profiles.
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CHAPTER 2
BASIC ELECTROMAGNETIC THEORY OF CIRCULAR,
STEP INDEX FIBRES
2 .I INTRODUCTION
This chapter reviews the basic theory of the normal mode 
description of the semi-infinite, circular cross-section, step index 
waveguide. The full details of the relevant electromagnetic theory are 
beyond the scope of this thesis and have been treated extensively 
elsewhere [e.g. 1-6]. In addition, we emphasize only those aspects and 
approximate forms which are relevant to the work that follows.
We do however, include normalization details and the approximate 
mode degeneracies found in the usual weakly guiding fibres. Having 
described the modes of the fibre we present the analysis of the mode 
launching efficiency of a general source field.
2.2 MODAL DESCRIPTION
The electromagnetic theory description of a dielectric waveguide 
is usually based on the normal modes of the structure - the field solutions 
of the source-free Maxwell equations which satisfy the boundary conditions 
at the waveguide surface, together with the radiation condition at infinity. 
These modes form a complete set, composed of a mutually orthogonal set of 
discrete bound modes, and a continuum of unbound modes representing the 
radiation field. A useful approximation of this continuum in the vicinity 
of the fibre core can be obtained by removing the radiation restriction at 
infinity. This produces the discrete leaky mode approximation of this 
radiation continuum [6,7].
2.2 11
The bound modes of the fibre, which propagate unattenuated in the 
axial direction, are guided by the core and have fields that in the cross- 
sectional plane, decay exponentially from the core-cladding interface. Any 
guided field can therefore be completely specified by a superposition of 
these bound modes, but the description of radiation phenomena requires the 
addition of the continuous radiation spectrum.
We consider in particular the structure shown in Fig. 2.1: the
fibre core of radius p is surrounded by an infinite cladding. The uniform 
refractive indices of these regions are n ^  and n  ^respectively. We 
assume the fibre axis coincides with the z-axis and extends over O ^ z ^ 00.
cladding
core
n_, < n
>z
Fig. 2.1 Step index optical fibre showing the core of radius p and
uniform refractive index nco, and the infinite cladding (index n ^ ) .
A detailed study of the finite cladding situation [8] has confirmed the 
accuracy of the simpler, infinite cladding assumption in most cases of 
interest. The step index fibre of Fig. 2.1 is characterised by the 
dimensionless parameter
V = kp [n2 - n \ ] h , (2.1)CO cl
where k= 2tt/A with A the wavelength of the light in vacuum. Fibres with a
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small value of V propagate few bound modes, (e.g. only one mode in a step 
index fibre with V <2.405), while multimode fibres have a large V value. 
In fact, the number of bound modes is proportional to V2/2 when V is 
large [9].
We assume the transverse electric field of the p 
has the following time and z-dependence:
bound mode
Ep(r,(J>,z) = ep(r,<f)el(wt ßPz) (2.2)
where r,(}) are polar coordinates in the cross-sectional plane containing
the electric field vector e^jB^ is the modal propagation constant, and
0) is the angular frequency of the field. The propagation constants Bp of
the bound modes lie in the range kn > B > kn , with k as for equation (2.1)co p cl
If Bp < kncl the mode is cut off and is no longer bound to the core, i.e. 
it becomes a radiation mode.
The exact modal field solutions have been well known for some
time [e.g. 2,3]. However, we will not use these exact solutions here,
since a useful approximate form is available when the difference n - n ,co cl
is small [4], as is the case in communication fibres. These simplified 
transverse modal fields which have been successfully applied to many 
problems [6,10-14], have the following form [4]:
h
e (r,W = (7^ -) h (r,i)>)xz (2.3)
(2.4)
where h is the magnetic field, V the permeability of the core and cladding,
A A Athe permittivity of the core, and x,y,z are unit vectors in the 
cartesian coordinate directions. In addition, we have used the normalized 
radial coordinate R=r/p with p the core radius, (j) the azimuthal angle, 
and
Note: The notations used in this chapter and the following one on
geometric optics follow established conventions. This may lead to 
clashes in some definitions, e.g. the azimuthal angle, which will be 
clarified as they arise.
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fp (R) = W UpR)/ W V
W WPR) / W V
R < 1
R > 1
(2.5)
The and are the Bessel function of the first kind and modified 
Hankel function respectively, while U^, are the modal eigenvalues,
U2 = p2(k2n 2 - 32)p co p
W 2 = p2(32 - k2n 2 ) ,p p co
V2 = U2 + W2
P P
which satisfy the eigenvalue equation:
(2.6a)
(2.6b)
(2.7)
U Jp(U ) P ^ P
J0Ti (U )x,+l p
fW K„(W h  p ^ p
1K£+1(Wp>J (2.8)
In the above and subsequent equations, the double sign notation refers to 
the two classes of modes: the upper sign is for H E ^  modes, the lower
for E H ^  modes. The differences between the two types are described by 
Snitzer in reference [2]. Note also that the subscript p, which has been 
used to represent both the azimuthal and radial mode indices, £ and m, 
will in future be omitted from U and W where it is convenient.
with
The ij; of (2.4) is a normalization constant given by
ill = Tip'
P
r e  i 2( \CO V
u
V w)1W w)
Kh i (u)
(2.9)
(2.10)
In the ideal (non-absorbing) waveguides with which we normally deal, this 
normalization enables the field amplitudes to be directly related to power 
since the electric and magnetic fields now satisfy
e x h . z dA = 1 ,~p ~p (2.11)
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in which A represents the infinite cross-sectional area and the asterisk 00 r
indicates complex conjugation.
We have seen from equation (2.5) that the modal field extends 
over the infinite cross-sectional plane. It is often useful therefore, 
to know the fraction r|^ of the power in mode p, that propagates inside 
the core of the waveguide. Thus, [4]
nP
Power of mode p inside the core 
Total power of mode p
(2.12)
When the difference, nco_ n c >^ becomes small, the eigenvalues
of the HEn and EH„ _ modes for any given V approach the same value.36m 36—Z j TIT
These modes therefore become degenerate and linear combinations of them 
form linearly polarized field patterns - the LP mode description developed 
by Gloge [15]. The slight difference between the propagation constants 
of the modes cause these patterns to change as they propagate. However, 
this approximate degeneracy remains useful in excitation problems as it 
halves the number of modes that must be considered.
Real solutions of the eigenvalue equation (2.8) only exist for 
U^V, so that the value of V at which U = V  defines the mode’s cutoff 
frequency , corresponding to (3^ = knc .^ When V is less than this value, 
we are, of course, in the radiation mode region where complex-valued 
solutions can still be found in many cases. These eigenvalues then form 
the basis of the leaky mode description of the radiation spectrum [16].
The relationship between two bound modes remains to be 
specified. In the ideal (lossless) guide, power orthogonality holds 
between modes. We combine this condition with the normalization of 
equation (2.11) to give
e x h . z dA = 6 , (2.13)~p ~q ~ pq
A
where 6 is the Kronecker delta. In addition, each individual bound
pq
mode is orthogonal to the entire radiation field.
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2.3 EXCITATION OF BOUND MODES
We have seen in the previous section that the parameters of an 
optical fibre, expressed as a value of V (eq. 2.1), determine the number 
of bound modes that can propagate. We now examine the procedures used to 
determine the efficiency with which these modes are excited by any 
particular source.
As mentioned previously, the normal modes of a fibre form a 
complete set, thus enabling any field in the cross-sectional plane to be 
expressed as an eigenfunction expansion based on these modes. The total 
transverse electric field, E^, in the infinite fibre entrance plane 
(z=0) can therefore be written as
Et XP a ep~p (3.1)
where the summation extends over the propagating bound modes e , and EP E
is the transverse component of the radiation field.
Now the total transverse field E^, is a combination of the 
incident source field and any fields scattered from the fibre endface. The 
exact determination of this field is therefore extremely complicated in all 
but the simplest cases. Fortunately, practical communication fibres have 
a very small refractive index difference between the core and cladding, 
so that the fibre endface appears as a simple planar interface to the 
incident field. This observation is the basis of the Born-Kirchoff 
approximation, which disregards the scattered fields and uses the incident 
field alone in equation (3.1). This approximation has been widely used 
in mode launching studies [6,7,10,11,13,14] and its accuracy has been 
confirmed for many cases of interest [17]. If necessary, a first 
correction can be obtained by applying the Fresnel transmission 
coefficients to the plane-wave components of the incident field [11].
We return to the field expansion (3.1), approximating the
transverse field in the z= 0 plane by the incident field E. as~ m c
explained above. We concentrate on the excitation of bound modes and
therefore require the coefficients a . With the assumption of n » n  .p co cl
we use (2.3) and the orthogonality of each mode with every other mode 
and the radiation field (2.13) to give
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a = /e 7"Ü E . . e dAp co ~mc ~p (3.2)
where again represents the infinite cross-sectional plane. The 
normalization of the modal field e^ (2.11), then allows us to determine 
the power launched in any particular mode, P :
(3.3)
2.4 CONCLUSION
Throughout this chapter we have made extensive use of the
n ^ s s n ^  assumption. This corresponds to the paraxial ray approximation
of geometric optics since, in this case, 3 «kn which means that thep co
modal wave vector is almost parallel to the waveguide axis. The small 
index differences used in practice (for reasons such as the reduction of 
pulse dispersion, as mentioned in later chapters) have resulted in the 
widespread application of this approximation in the modal analysis of 
guiding structures [18]. In the next chapter we remove this restriction 
of small refractive index difference when we examine the geometric optics 
description of multimode graded index fibres.
Although most of the details of section 2.2 are specific to 
step index fibres, the development of a modal description of graded 
index fibres is very similar. In fact, with the assumption of small 
refractive index difference between the core and cladding, the modal 
fields will still be given by equation (2.4) with the exact form of f (R) 
depending on the particular index grading present in the core. Also, the 
normalization and excitation procedures discussed previously, can be 
directly applied to the modes of graded index fibres. Unfortunately, the 
fp(R) is not known explicitly for a general graded fibre. We can, however, 
accurately approximate the fundamental modal field of the fibre with a 
Gaussian distribution [19], and we give details of this procedure when 
studying the excitation of single mode fibres in Chapter 5.
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CHAPTER 3
GEOMETRIC OPTICS ANALYSIS OF MULTIMODE FIBRES 
3.1 INTRODUCTION
We have seen in the last chapter that light propagation along 
an optical fibre can be described by a set of electromagnetic modes.
An analysis which is based on determining the behaviour of the individual 
modes rapidly becomes cumbersome however, when applied to practical 
communication fibres that often support hundreds of modes. The simpler 
geometric optics description is therefore ideally suited to the analysis 
of these fibres, and so the purpose of this chapter is to establish this 
formalism for later use.
The high accuracy of the geometric optics approach in multi- 
mode fibres is a result of the electromagnetic fields behaving locally 
as plane waves. This behaviour facilitates the analysis of various 
electromagnetic phenomena, e.g. radiation losses, material absorption 
and dispersion, based on a plane wave description. We will however, 
defer a discussion of how to incorporate these wavelength-dependent 
effects into a geometric optics framework until Chapter 7, and concentrate 
here on the purely geometrical description of the ray directions 
associated with these plane waves.
We begin by using the ray equation to deduce the ray paths 
in multimode, graded-index fibres of circular cross-section. (Note 
that exact solutions of the electromagnetic boundary value problem do 
not exist for these graded index fibres.) We describe the geometrical 
properties of these ray paths that result from the symmetries of the 
guiding structure, and classify the rays as bound, tunnelling or 
refracting, according to their confinement to the fibre core. After 
examining the geometrical properties of the ray paths in both graded 
and step index fibres, we conclude by discussing the launching of 
power into the waveguide from the geometric optics viewpoint, to
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enable future comparison of the mode and ray methods.
3.2 RAY PATHS IN GRADED INDEX FIBRES 
3.2.1 Ray path equation and invariants
The ideal, circularly symmetric graded index fibre is 
characterized by an inhomogeneous core, in which the refractive index 
n , usually decreases radially away from the axis. As was the case 
with the step index fibre of Figure 2.1, we consider a semi-infinite 
fibre of core radius p, with an infinite cladding of uniform 
refractive index n , whose axis is aligned with the z axis.
The general equation for a ray path in a medium of refractive 
index n is [1]
(2.1)
where s is the distance measured along the path, R is the position 
vector of a point on the ray path (Fig. 3.1), and dR/ds is a unit vector 
tangent to this path. For the moment we restrict the refractive index n 
to depend only on the radial coordinate r (Fig. 3.1). (Azimuthal 
dependence in n is treated in Chapter 9.) The azimuthal and axial 
invariance of the refractive index then causes the only non-zero 
component of Vn to be in the radial direction, and equation (2.1) 
reveals two quantities which are constant along the ray paths. They 
are [2]
3 = n(r) cos 0(r) (2.2)
and £ = r/p n(r) sin 0(r) cos (f)(r) , (2.3)
where the ray angles 0,(J) are defined in Figure 3.2. These constants 
3,& characterize a particular ray and may be determined by specifying 
r,0,(f) at any convenient point on the ray path. We note that the 
meridional rays, which are confined to a plane, have £=0.
Formally, we are interested in a refractive index distribution 
specified by
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Figure 3.1 Ray trajectory showing s, the distance along the path and R, 
the position vector of a point on this path. (r , i p , z ) are cylindrical 
coordinates. Note that ip is used for the polar angle in the x-y 
plane in contrast to chapter 2, since previous work [2] has 
established (f) as the azimuthal ray angle of Figure 3.2.
n(r) (0) = n r = 0CO o
(r) Cl
V/J-i
CO
(p) = n co cl r >  p
(2.4)
A class of graded index fibres that has received considerable attention 
in the past has a refractive index variation in the core that is described 
by a power law [2,3]:
<  (r)CO (2.5)
where A measures the difference between nQ and the cladding index n  ^
The positive parameter q determines the refractive index variation in
3.2 22
/ / / /
Figure 3.2 Ray path in a graded index fibre aligned with the z-axis.
The ray makes an angle 0 with the z-direction and its projection 
onto the fibre cross-section makes an angle (f) with the azimuthal 
direction. The maximum value of r for the ray path is r and the 
ray passes through r = r in each periodic distance z . ^(The upper 
drawing shows a meridionRl ray with (j) = 0) . ^
the radial direction, with q=2 the parabolic index fibre [4], and q 00 
approaching the step index fibre of Chapter 2. Figure 3.3 shows the 
refractive index profiles for several values of q.
3.2.2 Ray classification
We now consider the possible ranges of 3 and £, and identify 
three classes of rays based on these 3,£ values.
From the ray path equation (2.1) we can obtain
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claddingcore
0 P r
F i g u r e  3 .3  R e f r a c t i v e  i n d e x  p r o f i l e s  d e f i n e d  by t h e  power law v a r i a t i o n  
o f  e q u a t i o n  ( 2 . 5 ) .
fdrl
I—
11
dz ß 2 1
n 2 ( r )
= f ( r ) / g 2 ( 2 . 6 )
We d i s t i n g u i s h  t h e  r a y  c l a s s e s  on t h e  b a s i s  o f  t h e  b e h a v i o u r  o f  f ( r ) ,  
s i n c e  a r a y  p a t h  e x i s t s  o n l y  i n  t h o s e  r e g i o n s  where f ( r ) ^ 0 .  Thus,  to  
be t r a p p e d  w i t h i n  t h e  f i b r e  c o r e ,  a  r a y  must  have  f ( p )  < 0,  i . e .
n 2 -  l 2 -  g 2 < 0  . ( 2 . 7 )
c l
Rays w i t h  f ( p ) > 0  a r e  te rmed  r e f r a c t i n g  r a y s  and l e a v e  t h e  f i b r e  c o r e  
i m m e d i a t e l y ,  p l a y i n g  no f u r t h e r  p a r t  i n  t h e  g u idance  o f  power.  Now t h o s e  
r a y s  s a t i s f y i n g  e q u a t i o n  ( 2 .7 )  can  be c o n v e n i e n t l y  d i v i d e d  i n t o  two 
g roups  by o b s e r v i n g  t h a t  a  r a y  w i t h  ß ^ n  ^ wi H  a lways  be t r a p p e d  i n  t h e
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core independent of H. This division gives the classifications of bound 
rays and tunnelling rays, which for the power law profiles of equation 
(2.5) satisfy [2]
Bound rays: n , ^ $ ^ ny cl o
0<l<lmax
Tunnelling rays: (max{0, n2 - q n2 A }} 2^ 3 ^ ncl
(n2 - ß2)'2< £ < £cl max
cl
(2.8)
(2.9)
where
= qmax
rn2 - B2> o 1 + 2/q 1 12/q
, q + 2 j .n2AJ
(2.10)
Plots of f(r) for the three ray types are shown in Figure 3.4 and the ray 
domains in 8,£ space appear in Figure 3.5.
A ray has a turning point when f(r) = 0 and we see from Fig. 3.4
that tunnelling rays and non-meridional bound rays have two such solutions
in the range O ^ r ^ p ;  these are the inner and outer caustics r . and rmin tp
(Meridional rays have r alone). Tunnelling rays have an additional 
solution r ^ > p  and thus exhibit optical tunnelling [5,6] where some 
energy leaks out beyond r =r Electromagnetic theory confirms that a
tunnelling ray is only partially reflected at r giving rise to energy 
leaving the fibre and freely propagating for r ^ r  ^ [7,8,9]. It is 
therefore necessary to include an attenuation coefficient when tracing 
tunnelling rays down a fibre, and details of this procedure are given 
in Chapter 7.
3.2.3 Geometrical properties of the ray paths
It is often useful to classify the ray types in terms of the 
ray angles at each radial position r, i.e. 0(r), cj)(r), (Fig. 3.2). We 
therefore have the descriptions [2]:
Bound rays:
O < 0 < 0  (r) c
any (p
(2.11)
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BOUND RAY MERIDIONAL 
BOUND RAY, 1 = 0
TUNNELLING RAY REFRACTING RAY
Figure 3.4 Schematic plots of the function f(r). The values of /f(r) 
determine dr/dz on a ray path, and so physical domains along the 
r-axis (heavy lines) occur when f(r)^0. For tunnelling rays this 
gives a disconnected domain whose significance is discussed in the 
text (from Ankiewicz and Pask [2]).
Tunnelling rays:
0 and ({) satisfying
r sin 0 (r) •n
0 (r)^0^sin ------- -------- —
‘[1 - (r2/p2)cos2^]^
(2.12)
where 0^(r) is the local critical angle defined as
0 (r) = cos ■*" (n ../n (r)l . (2.13)c v cl co '
The profile constant A (eq. 2.5) can then be expressed as
2A = sin20 (0) = sin20 , (2.14)c c
where the on-axis critical angle is simply termed 0 .
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rv - n
max
Bound
Figure 3.5 (3,£ domains of bound and tunnelling rays in power law profiled
fibres (equation 2.5). We have assumed n ^  > q n^A as is usually the 
case (from Ankiewicz and Pask [2]).
Although the tunnelling ray radiation caustic r ^ (Fig* 3.4) 
is given by
rrad p h n ^  - ß2)'2 (2.15)
the remaining ray path distances r . , r , z (Fig. 3.2) are difficultm m  tp p
to calculate exactly, except for the parabolic (q=2) fibre where [2]
z = P p § TT /n (2A) o
% (2.16)
and
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rmin
rtp
— J2-j- {(n2 - g2) + (Cr.2 - ß2) - 8n2A p ) Y 2
(4n A)'4 ( 0 0 ° >o
(2.17)
In addition, detailed study shows that z^ is not very dependent on £ in
many cases of interest [10]. This enables an accurate approximation for
z to be obtained by interpolating between its value at £ = 0  and £ = £  ,p r ° max
both of which are easy to obtain analytically.
3.3 RAY PATHS IN STEP INDEX FIBRES
We have already seen that equation (2.1) determines the ray 
paths in a medium of refractive index n. We will now use this equation 
to specify the ray paths in a step index fibre:
n = nC O r < p
= ncl r > p
Since all the components of Vn (equation 2.1) are now zero the ray paths 
are straight lines, and the two invariants of section 3.2.1 become
3 = n cos 0C O (3.2)
and £ = —  n sin 0 cos (Hr)p C O 9 (3.3)
where 0 is the angle between the ray path and the z-direction, and (J)(r) 
is defined in Figure 3.6.
Since the core is homogeneous, all the rays reach the core­
cladding interface where they undergo reflection or refraction. In 
addition, the projection of the ray onto the cross-section makes an 
angle y with a normal to the core boundary at this point. This angle 
remains constant along the ray path, and so a simpler alternative to 
labelling the rays by 3 and £, is the use of the angles 0 and y.
The classification of the rays then becomes [11]
O < 0 < 0 cBound rays: any y (3.4)
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Figure 3.6 Ray path in a step index fibre aligned with the z-axis. The 
ray makes an angle 0 with the z-direction and its projection onto 
the fibre cross-section makes an angle <P with the azimuthal direction, 
and an angle y with a normal to the core boundary at its point of
reflection. z is the axial distance between successive reflections.
P
Tunnelling rays:
'0 < 0 < tt/2 c
. sin 0
where 0c is again the critical angle
(3.5)
0 = cos ^(n n/n ) . (3.6)c cl co
The remaining, refracting rays are as before, lost from the core 
immediately after launch.
We have seen that in the step index fibre, all the rays reach 
the core boundary, and so the ray path caustics of section 3.2.3 are 
now given by
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rm i n = p S i n Y  * (3*7)
r = P , (3.8)
p sin 6 sin Y_____
(sin20-sin20 ) 2 c
(3.9)
The periodic axial distance of the ray path z 
(Fig. 3.6) is
P in the step index fibre
zP 2 p cos Y co t 0 (3.10)
3.4 RAY EXCITATION
We now discuss the launching of power in optical fibres from 
the geometric optics viewpoint. In Chapter 2, we discussed light 
propagation in fibres in terms of electromagnetic modal fields and so, 
to examine the launching situation, we specified the source as an 
incident electromagnetic field. Similarly, since we are here interested 
in the ray description of fibres, the source is defined by the angular 
distribution of its intensity. Although we consider the excitation of 
circularly symmetric,graded index fibres, the step index case is an 
obvious simplification of the results that follow.
We consider a small element of area dA at position (r,^) on 
the fibre entrance face as shown in Figure 3.7. Using the angles 
defined in figure 3.7, the power dP, incident on dA with angles 0_^  to 
©i+döi, cf) to (j)+d(j) is [1,12]
dP = 1(0 ,<J>,r,i|0 dA dSX (4.1)
where d£A is the solid angle sin 0^ d0_^  d(j) and I is the source intensity 
function. The ray angle 0 within the core is related to the incidence 
angle 0^ by Snell's law
n. sin 0. = n (r) sin 0 (4.2)1 1 co
where n. is the refractive index of the incidence medium.l
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F i g u r e  3 .7  Geometry o f  r a y  e n t e r i n g  an e l e m e n t  o f  a r e a  dA a t  
p o s i t i o n  ( r , ip) on t h e  f i b r e  f a c e .  By S n e l l ' s  law,  
n .  s i n  0.  = n ( r )  s i n  6.
In  i l l u m i n a t i o n  s t u d i e s ,  we a r e  i n t e r e s t e d  i n  t h e  s o u r c e  
e f f i c i e n c y ,  i . e .  t h e  f r a c t i o n  o f  t h e  a v a i l a b l e  s o u r c e  power l a u n c h e d  
i n t o  t h e  bound and t u n n e l l i n g  r a y s  which  p r o p a g a t e  down t h e  f i b r e .  We 
t h e r e f o r e  c a l c u l a t e  t h e  l a u n c h e d  power by i n t e g r a t i n g  e q u a t i o n  ( 4 .1 )  
and making t h e  n e c e s s a r y  changes  to  g iv e
I(0,(J),r , ij j)
n ( r )  co 1 -
n ( r )  co
- h
s i n  0 cos 0 s i n  0 d0 d(j) r d r  dip
( 4 .3 )
The a r e a  i n t e g r a t i o n  i s  c a r r i e d  o u t  o v e r  t h e  f i b r e  c r o s s - s e c t i o n  w h i l e
t h e  a p p r o p r i a t e  0 , cp l i m i t s  a r e  g iv e n  by e q u a t i o n s  (2 .1 1 )  and ( 2 .1 2 )  f o r
th e  p a r t i c u l a r  c l a s s  o f  r a y s  i n  q u e s t i o n .  For  example,  t h e  l a u n c h e d
bound r a y  power i s  o b t a i n e d  when 0^(b^2TT and O ^ 0 ^ 0  ( r )  , w i t h  0 ( r )c c
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the local critical angle (2.13). In a step index fibre 0^ is 
independent of r and so the efficiency of a source element in exciting 
bound rays does not vary with position.
We have not yet mentioned the reflection of source power from 
the fibre endface. This effect may be included by multiplying the 
source intensity function I by the Fresnel power transmission coefficient 
T (0) in equation (4.1) [12]. However, since most of the energy inr
bound and tunnelling rays propagates at very small 0 angles in practical 
fibres, we usually ignore this effect as T is almost unity over theser
angles.
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CHAPTER 4
COLLIMATED BEAM EXCITATION 
OF OPTICAL FIBRES
4.1 INTRODUCTION
A large percentage of recent theoretical effort in the field 
of fibre optics has been directed towards the description of propagation 
effects such as pulse dispersion, material absorption and bending 
losses. The understanding of the excitation of optical waveguides and 
the effects of different sources is however, an important area in the 
development of optical communications that is still relatively 
unexplored in many cases. This chapter is therefore, the first of 
several which are devoted to the analysis of optical fibre excitation 
by various sources.
We begin by considering the excitation by a collimated beam 
incident on the fibre core at an angle 0_^ to the fibre axis (see 
Fig. 4.1). A study of this relatively simple source provides a deep 
understanding of the excitation process, and forms a basis for the 
analysis of other sources which may often be considered as a super­
position of collimated beams at various angles. This method has been 
used, for example, to study fibre excitation by partially coherent 
sources [1,2]. A second important application relates to the 
observation of fibre outputs. If we consider the ray directions of 
Figure 4.1 to be reversed, the acceptance properties mentioned above 
may now be used to determine the output when observed at angle 0_^ to 
the fibre axis. In the step index fibre, the tunnelling rays are seen 
at angles corresponding to 0> 0q (equation 3.3.5) and lead to what is 
known as the black-band phenomenon [3,4], which is now recognized as a 
powerful argument in favour of the existence of tunnelling rays [5].
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Figure 4.1 Geometry for a collimated beam in a medium of refractive 
index n. incident at angle 0_^ on the entrance face of a step index 
fibre o£ radius p. 1
The collimated beam source has been the subject of several 
studies in the past, involving both step index [6-8] and graded index 
fibres [e.g. 9,10]. The latter studies have, however, been primarily 
concerned with the bound ray impulse response in these fibres. We 
begin by reviewing both the modal and ray analyses of step index fibre 
excitation by a collimated beam. We avoid presenting much of the detail 
available in previous work [e.g. 6-8], and concentrate on establishing 
the agreement of the two methods in multimode, step index fibres.
Having shown this agreement, we can then confidently apply the ray 
formalism to graded index fibres excited by a similar source. After 
determining the areas on the fibre face that accept bound and tunnelling 
rays, we calculate the power launched in these rays as the incidence 
angle 0_^ of the beam is varied. Finally, the graded index fibre 
equivalent of the black-band phenomenon in step index fibres is 
described, and an application to profile determination is considered.
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4.2 STEP INDEX FIBRE
The modal analysis of step index fibre excitation by a 
collimated beam follows the general formalism of section 2.3. Full 
details are given by Snyder [6] who calculates the power launched in 
individual modes as the incidence angle of the beam, 0_^, is varied.
The summed bound mode power propagating inside the core, ^  (see
eq. 2.2.12) is calculated in Ref. [7] for various V (2.2.1). We 
reproduce these results in Figure 4.2 which shows the variation in this 
power as a function of the beam incidence angle. This incidence can be 
conveniently described by the parameter
a = n. sin 0./n sin0 , (2.1)1 1 CO c
where 0^ is the fibre critical angle (3.3.6).
We now consider the ray analysis of this excitation 
arrangement for comparison with these modal results. We again examine 
a beam incident at angle 0_^ on the fibre core (see Figure 4.1), and 
show in Figure 4.3, the projection of a ray entering the fibre core 
at a point Q in the entrance plane.
The full ray excitation formalism of section 3.4 need not be 
applied when considering this simple source. We note from Figure 4.3 
that at each elemental area dA in the fibre core cross-section, only 
one ray direction is launched. Thus for each ray type of interest, we 
can simply identify the area on the fibre face over which those rays 
are accepted. The power launched in that ray type is then given by 
integrating the incident intensity over this area.
From the definition of bound ray angles (equation 3.3.4), 
it is clear that if the incident angle of the beam is such that 0 < 0^ 
inside the core, i.e. a<l, then all the rays entering the core will be 
accepted as bound, independent of their entry position. When we 
increase the angle of incidence to a>l, bound rays are no longer 
excited and the area of the fibre face accepting tunnelling rays can 
be determined by examining the allowable range of reflection angle y 
(equation 3.3.5). This area is specified by [11]
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RAY OPTICAL RESULT
V =1-2
CL
Figure 4.2 Bound mode power transmitted within the core of a step index 
fibre excited by a collimated beam with normalized incidence 
parameter a (eq. 2.1). The curves are labelled by the waveguide 
parameter V and the geometric optics result for the bound ray power 
is also shown. P. is the total power incident on the fibre core 
(from Snyder, Paslcand Mitchell [7]).
r sin 7 0
CLA
~i*r 1 C s in 2 0 , (2.2)
where 0 is the beam angle measured inside the core and the x direction is 
shown in Figure 4.3. Integrating over the acceptance areas gives the 
total bound P^, and tunnelling P^ _, power launched in the fibre as [11]
pb = 1 a< 1 5
Pinc = 0 a > 1 5
Pt .= 0 a < 1 5
P.m e
- 1 - 2 f -1—  cos7T ' • a '
(2.3)
(2.4)
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y
F i g u r e  4 . 3  P r o j e c t i o n  o n to  t h e  f i b r e  f a c e  o f  a r a y  i n c i d e n t  a t  t h e  
p o i n t  Q, (r,cj)).  Note  t h a t  t h e  p o l a r  c o o r d i n a t e  a l s o  g i v e s  t h e  
i n i t i a l  r a y  a n g l e  (p a s  d e f i n e d  i n  F i g u r e  3 . 6 .  The i n c i d e n t  beam 
i n  F i g u r e  4 . 1  i s  assumed to  be  p e r p e n d i c u l a r  to  t h e  x - d i r e c t i o n .
where  P.  i s  t h e  t o t a l  power i n c i d e n t  on t h e  f i b r e  c o r e .  The combined m e
bound and t u n n e l l i n g  r a y  power i s  shown i n  F i g u r e  4 .4  a s  a f u n c t i o n  o f  
t h e  i n c i d e n c e  a .
We a r e  now a b l e  t o  compare t h e  modal  and r a y  a n a l y s e s  o f  t h i s  
e x c i t a t i o n  c o n d i t i o n .  I n  F i g u r e  4 .2  we showed t h e  summed bound mode 
power p r o p a g a t i n g  w i t h i n  t h e  c o r e  o f  t h e  f i b r e ,  f o r  v a r i o u s  V, t o g e t h e r  
w i t h  t h e  bound r a y  power from e q u a t i o n  ( 2 . 3 ) .  T h i s  f i g u r e  e x h i b i t s  a 
t r e n d ,  p r e v i o u s l y  found  i n  many a n a l y s e s  o f  s t e p  i n d e x  f i b r e  e x c i t a t i o n  
[ e . g .  1 , 7 , 1 2 , 1 3 ] ,  t h a t  c o n f i r m s  t h e  i n c r e a s i n g  ag re e m e n t  o f  t h e  bound 
r a y  and bound mode d e s c r i p t i o n s  a s  t h e  w aveguide  p a r a m e t e r  V becomes 
l a r g e .  Only when V = °° i s  t h e r e  e x a c t  a g re e m e n t  however ,  when a l l  t h e  
power i n  each  bound mode i s  c o n f i n e d  t o  t h e  c o r e  (rj^ ->1 i n  e q u a t i o n  
( 2 . 2 . 12) ) .
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Figure 4.4 Total bound and tunnelling ray power launched in a step 
index fibre by a collimated beam at normalized incidence a 
(equation 2.1). For a < 1 only bound rays are excited and when 
a > 1 only tunnelling rays (from Pask and Snyder [11]).
4.3 GRADED INDEX FIBRE
The comparison of mode and ray analyses of collimated beam 
excitation in step index fibres confirms the accuracy of the geometric 
optics description in the multimode (large V) case. When considering 
graded index fibres, the lack of a suitable modal description leads us to 
concentrate here on the geometric optics treatment.
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We c o n s i d e r  t h e  c i r c u l a r l y  symm etr ic  g raded  in d e x  f i b r e  o f  
s e c t i o n  3 .2 :
n ( r )  co
n (0) = n co o
r  ^  p
n (p)
CO c l
( 3 .1 )
( 3 .2 )
( 3 .3 )
The c o r e  i n d e x  i s  n o t  r e s t r i c t e d  to  t h e  power law p r o f i l e  o f  e q u a t i o n  
( 3 . 2 . 5 )  b u t  i s  e x p r e s s e d  i n  t e rm s  o f  a g e n e r a l  g r a d i n g  f u n c t i o n  G ( r ) :
n 2 ( r )  = n 2 [ l - s i n 20 G(r)  ] O ^ r ^ p  , ( 3 .4 )co o c *
w i t h  0^ t h e  o n - a x i s  c r i t i c a l  a n g l e  d e f i n e d  i n  ( 3 . 2 . 1 4 ) .  A l though  t h e  
g r a d i n g  f u n c t i o n  G(r )  may be  any g e n e r a l  f u n c t i o n  s a t i s f y i n g
0 < G ( r ) < l  , 0 < r < p  , ( 3 .5 )
some o f  t h e  f o l l o w i n g  r e s u l t s  w i l l  b e  b a s e d  on t h e  a s s u m p t io n  t h a t  G(r) 
i s  m ono to n ic  i n c r e a s i n g  -  a t y p e  o f  g r a d i n g  t h a t  h a s  r e c e i v e d  c o n s i d e r a b l e  
a t t e n t i o n  i n  p r e v i o u s  a n a l y s e s  a imed a t  o p t i m i z i n g  t h e  p u l s e  d i s p e r s i o n  
o f  g raded  i n d e x  f i b r e s .
As w i t h  t h e  s t e p  i n d e x  f i b r e ,  t h e  r a y  e x c i t a t i o n  p rob lem  
r e q u i r e s  us  t o  c o n s i d e r  r a y s  e n t e r i n g  t h e  f i b r e  as  shown i n  F i g u r e s  
4 . 1  and 4 . 3 ,  and to  i d e n t i f y  a p a r t i c u l a r  r a y  a s  bound o r  t u n n e l l i n g  by 
c a l c u l a t i n g  i t s  0,<J) v a l u e s  and a p p l y i n g  t h e  c o n d i t i o n s  ( 3 . 2 . 1 1 )  and 
( 3 . 2 . 1 2 ) .  With t h e  g raded  f i b r e  however ,  t h e r e  i s  t h e  added c o m p l i c a t i o n  
t h a t  each  r a y  i n  t h e  beam w i l l  be  l a u n c h e d  w i t h  a d i f f e r e n t  0 w i t h i n  t h e  
c o r e ,  d e p e n d in g  on t h e  p o s i t i o n  a t  which  i t  h i t s  t h e  f i b r e  f a c e .
A pp ly ing  S n e l l ' s  law a t  t h e  f i b r e  e n t r a n c e  f a c e  g i v e s
n .  s i n  0 .  = n ( r )  s i n  0 ( r )  . ( 3 .6 )1 1 co
Now a bound r a y  must  s a t i s f y  ( 3 . 2 . 1 1 )
s i n  0 ^  s i n  0 ( r )  = [ l - n 2. . / n 2 ( r )  ] 2 , ( 3 . 7 )c c l  co
w i t h  0 ( r )  t h e  l o c a l  c r i t i c a l  a n g l e .  S u b s t i t u t i n g  ( 3 .6 )  g i v e s
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n2 sin2 0 . ^ n 2 (r) - n2 1 l co cl (3.8)
or with the normalized incident angle a (2.1),
a 2 <  1 - G(r) (3.9)
where we have substituted for n2Q (r) from (3.4). Applying the limits 
of G(r), equation (3.5), shows that bound rays are only launched when 
a^l .  This is the same situation as was previously found for the step 
index fibre. Furthermore, when G(r) is monotonic increasing, we see 
that for a given beam angle a, rays incident on the fibre face are only 
accepted as bound rays if they fall on a disk of radius r^ given by
G(r ) = 1 - a 2 b 1 (3.10a)
rb = 0 a > 1 (3.10b)
If we have a power law grading in the core (3.2.5), then
G(r) = (r/p)q , (3.11)
and
r = p(l - a2)1//q
0 ,
, a < l
a > 1
(3.12a)
(3.12b)
The total power launched in the bound rays P^, is obtained by 
integrating the incident intensity over the area of the fibre face 
defined by (3.10). Thus, using the polar coordinates of Figure 4.3,
rrb c2tt
PK (cO = I b o rdr d(j) (3.13)
o o
where Iq is the source strength constant. The total power incident on
the fibre face P. is m e
P. = I if p2 , (3.14)m e  o
so that
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Pb (a)/Pinc = rb (a)/P2 *
For the power law profile (3.11) this becomes
Pb (a)/Pinc = (1_a2)2/q ’ a < 1
= 0 , a > 1
(3.15)
(3.16)
We note that the bound ray power increases as q increases, with q->°° 
giving the step index fibre result of the previous section.
To determine the tunnelling ray acceptance properties of the 
fibre, we follow a similar development based on the appropriate 0 
range (3.2.12):
sin 0 (r)
sin 0 (r) ^  sin 0 ^  — ■ .— —  (3.17)
C v/l-(r/p):2cos2(p
where 4> is the azimuthal angle of Figure 4.3. After multiplying by
n (r) and substituting (3.4) this becomes co
n2sin20 [1 - G(r)]
n2sin20 [1 - G(r) ] < n 2sin20 . ^----- ----------  . (3.18)
° C 1 1 [1- (r/p^cos2«
Introducing a (2.1) leads to the condition for tunnelling ray launching:
(1 - a2) <G(r) <  (1 - a2) + a2 (r/p) 2cos2(f) . (3.19)
This defines a region on the fibre end face over which tunnelling rays 
are accepted, and by comparison with (3.10a) we see that this area lies 
outside the bound ray acceptance region. The details of these 
acceptance areas will be given in section 4.4 in connection with the 
black-band phenomenon. However, when a^l, it is clear from (3.19) 
that in any given azimuthal direction (j), the tunnelling ray region is 
bounded by the r^ of equation (3.10) and r ^ which satisfies
G(r ) = l - a 2 + a2(r /p)2cos2(f> . (3.20)tun tun
In general it is very difficult to obtain simple analytical expressions
4.3 42
for rtun> but for the parabolic index profile (q= 2 in equation 3.11) 
we find
tun
1 - cr
1 - a 2cos2(p.
a< 1
1
(3.21)
We have seen that in both step and graded index fibres, bound
rays are excited only by beams with a< 1. However, unlike the step
index fibre, tunnelling rays can also be launched in graded fibres when
a<l .  In fact, tunnelling rays are excited in graded index fibres for
0 < a < ot , with a-*a corresponding to the acceptance region defined TTiHx max
by (3.19) being reduced to zero. For the power law profile (3.11)
a  = 1 max q ^  2
= (ql2)h  , q > 2
(3.22)
To determine the tunnelling ray power launched in the fibre, P^, we 
again integrate the incident intensity over the appropriate acceptance 
region. In order to identify the boundaries of this region, we must 
resort to numerical techniques to solve the equalities of (3.19) for 
the general power law profile. An exception is the parabolic (q= 2) 
fibre for which we have
Pt (cO/P inc (1 - a 2) 2 - (1 - a 2) a< 1
=  0 a > 1
(3.23)
where P_^  is the total incident power (3.14). The summed bound and 
tunnelling ray power launched in a power law fibre is shown in 
Figure 4.5 as a function of the beam incidence a. Figure 4.6 shows the 
variation of the tunnelling ray power with a and q. Notice that as q 
increases beyond 2, beams with a < l  become less efficient for launching 
tunnelling rays and P^ _ approaches the step index fibre result of 
P (a) = 0 for a< 1. If we think of a general source as a mixture of 
beams, it is clear that for graded index fibres, it is almost inevitable 
that whenever bound rays are launched, some tunnelling rays must also be 
excited.
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Rays
Step (q - oo
a
Figure 4.5 Power P(a) accepted by an optical fibre when excited by a 
collimated beam with the angular incidence parameter a. P  ^is 
the total power incident on the fibre core face, and the curves are 
labelled by q, the power law profile parameter. For the step index 
fibre only bound rays are excited for a^l. For q> 2, P(a) = 0 when 
a>(q/2 )>S.
4.4 OUTPUT PATTERNS - DIFFUSE EXCITATION
We now consider a fibre that is excited by a diffuse or 
Lambertian source, and are concerned with the appearance of the output 
face after a short length of fibre. If we observe the exit face obliquely, 
i.e. from a direction at angle 0^ to the fibre axis, then only those 
areas on the exit face that emit light in this direction will appear 
bright. Since the Lambertian source excites all the propagating rays of 
the fibre [14], we would see exactly those bound and tunnelling rays 
shown in Figures 4.1 and 4.3, which leave the fibre at angle 6_^ . (The 
ray directions in these figures would of course be reversed.) This 
assumes that the refracting rays launched by the source have already 
left the fibre. The possible existence of output rays can be deduced, 
but their intensity will depend on source intensity, fibre absorption
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0 0-5 1 0 1-5 2 0a
Figure 4.6 Tunnelling ray power P , launched by a beam with power 
P_^  , versus incidence parameter a. The curves are for a power
law profiled fibre and are labelled by the grading parameter q.
properties, and tunnelling ray attenuation due to radiation losses.
From the results of the previous section we know that the 
bound and tunnelling ray power leaving the exit face at angle will 
emanate from particular areas of the fibre face - the collimated beam 
acceptance areas defined by equations (3.10) and (3.19). The exit 
face will therefore exhibit a pattern of light and dark regions. For 
the step index fibre this pattern takes on a simple form [3,4]: When
the fibre exit face is viewed at angles 0^ such that a^l, it appears 
bright all over; when a> 1 a dark band forms across the fibre face, 
increasing in width as oi increases. From (2.2) this width of the band 
is
1 - a JW = 2p
*2
(4.1)
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This behaviour is illustrated in Figure 4.7 along with the patterns for 
graded index fibres with the power law profile. When viewed at an angle, 
the circular fibre face will appear to be elliptical. In general, since 
is small, 0^ will usually be small and the resulting small ellipticity 
is therefore not shown in Figure 4.7.
nj sin 9-
Figure 4.7 Appearance of fibre output face when viewed at angle 0. for 
a fibre excited by a diffuse source. The drawings are labelled by 
the power law profile parameter q (3.11) and the direction parameter 
a. The dashed circles contain the areas emitting bound rays in the 
observation direction. The slight ellipticity of the output face is 
not indicated; this is a small effect when 0. is small.l
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A few observations can be made from this figure and the theory 
of section 4.3. For large q, the output pattern approaches that of the 
step index fibre. For q^2, the whole face is dark when a^l, and for
H.q> 2 the same applies for (q/2) 2. For a^l, a graded index fibre with 
a monotonic profile will always have an output pattern consisting of a 
circle of radius r^ (3.10) due to bound rays, plus some additional bright 
areas exterior to this circle due to tunnelling rays. We note that if 
r^ is measured for a given a, then equation (3.10) determines the profile 
function G at that radius.
If we examine the cf) = 90° line in Figure 4.3, equation (3.19) 
enables us to deduce that there will be no tunnelling ray contribution 
along this line, and hence the bright pattern will only extend out to 
r = r^. This line (the y axis) coincides with the projection of the 
observation direction on the exit face as shown in Figure 4.7. Thus, 
observation of the output pattern along this axis will give a set of 
a,r^ values and therefore a profile determination via equation (3.10). 
This profile determination would be ideally suited to the preforms 
manufactured by the chemical vapour deposition (CVD) method prior to 
drawing into fibres, since the large preform dimensions would enhance 
the accuracy of the measurements. Another advantage is that this method 
requires no special source conditions beyond a general diffuse source, 
and no tunnelling ray corrections as are necessary in many profiling 
techniques [e.g. 15].
We have spoken of patterns of light and dark areas on the 
exit face, but any attenuation mechanism will change the intensity of 
the bright portion. The patterns shown in Figure 4.7 will be accurate 
for short lengths of fibre, but for longer lengths tunnelling ray 
attenuation will be important. The resulting patterns could be obtained 
to a good approximation by using the effective tunnelling ray domain 
methods described in Chapter 7, however it should be stressed that the 
condition on r^  is independent of tunnelling ray corrections. Also, any 
scattering process will only produce refracting rays which could then 
exit from the r^^r^p region of the y axis. Such rays leave the fibre 
extremely rapidly and rarely need to be considered.
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CHAPTER 5
EXCITATION OF OPTICAL FIBRES USING LENSES 
5.1 INTRODUCTION
We have discussed in the preceding chapter how the electro­
magnetic analysis of optical fibre excitation is necessary for an 
accurate description of power coupling to low V fibres, and in addition 
provides a useful check on the accuracy of the geometric optics 
approach. However, the electromagnetic theory description of the 
excitation process is often mathematically complicated, and as a result 
has not been widely used. We have already considered the obliquely 
incident plane wave source in Chapter 4, while other examples of wave 
theory excitation problems previously studied,are incident fields that 
are incoherent sources [1,2], Gaussian beams [3-5], and general 
partially coherent sources [6,7].
In this chapter we discuss in detail the excitation of optical 
fibres when another optical component, namely a lens, is used to focus 
an incident beam onto the fibre entrance face. This is a common optical 
system which is often used in the testing of optical waveguides [8-12], 
and is also important in the field of photoreceptor optics, occurring in 
the biology of vision [13]. Our main aim is to quantify the effects on 
power launching of various misalignments which may be present in the 
lens-fibre optical system.
We analyse the physical arrangement shown in Figure 5.1. The 
lens converts a plane wave segment into a diffraction pattern in the 
fibre entrance plane. The system is allowed to be out of focus, i.e. 
the fibre is a distance z+f from the lens where f is the focal length, 
and out of alignment, i.e. the lens and waveguide axes may be separated 
by a distance d measured perpendicular to these axes. We shall describe 
the effects on excitation of having non-zero values of z and d. The 
latter case is related to the angular sensitivity of the lens-waveguide
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Figure 5.1 Geometry of a plane wave segment focused through a lens 
of radius a and half-angle 0^, onto the entrance face of a 
fibre. The fibre is allowed to be offset from the focal point 
of the lens by a transverse distance d and an axial distance z. 
The lens focal length is f.
system, which is an important quantity in vision research [13].
The optical components of Figure 5.1 can be parameterized 
in the following useful manner. The purely geometrical property of 
the lens is given by 0 , the semi-angle of the cone of rays converging
i-i
at the focus. When the lens radius is a, we have
tan 0 = a/f (1.1)
J_j
Wave optics enters our description of the lens when we consider the 
spread of the focal plane field, and a useful measure is the Airy disc 
radius r^ given by [14]
= _X__  3.832
rA 2 7T n . tan 0 *l L
in which X is the wavelength of the light in vacuum, and n_^ is the 
refractive index of the entrance medium (see Figure 5.1).
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Similarly, the geometrical nature of the fibre is specified by 
the critical angle 0^ (3.3.6), while wave theory is introduced via the 
dimensionless parameter V, defined by (2.2.1) or equivalently,
V = (2tt/A) p n sin 0 (1.3a)co c
for step index fibres, and
V = (2tt/A) p n sin 0 (1.3b)o c
in graded index fibres (3.2.A). When the wavelength is such that wave
optics effects are not important, the description of lens-fibre coupling
will depend only on geometrical factors such as 0 and 0 . Otherwise,c
the parameters r^ and V will control the launching of power into the 
waveguide.
The chapter is arranged as follows. We first examine two 
methods for determining the modal excitation coefficients (section 2.3) 
for this source, and give their physical interpretation based on a 
component plane-wave description. We then apply this theory to the 
extreme cases of large V, multimode fibres and small V, monomode 
fibres, these two cases being of theoretical interest and also of 
importance for communications systems. The intermediate case of low 
V, few mode fibres is important in vision research and is treated as a 
specific example in Chapter 6. A variety of analytical and numerical 
results are presented with the emphasis in multimode fibres placed on 
the transition to a purely geometrical description as V increases.
The results for monomode fibres examine the accuracy of approximating 
the incident and modal fields by Gaussian functions. Finally, we 
present an analytical approximation that assists the analysis when a 
circularly symmetric, though not necessarily constant amplitude, field 
is incident on the lens.
5.2 MODAL THEORY OF LENS EXCITATION 
5.2.1 General method
The power launched in the fibre of Figure 5.1 can be immediate­
ly determined by employing the formalism of section 2.3. We recall that
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this is based on expanding the transverse field in the fibre entrance 
plane in terms of the set of bound mode fields e^ (2.3.1). The
coefficients in this expansion a^, are then given by the orthogonality 
relation (2.3.2), i.e.
aP (e0/lJ)
h E. . e ~mc ~p dA (2.1)
where the integration is performed over the entire entrance plane of the 
fibre.
To gain an appreciation of the roles of the lens and fibre 
in this excitation arrangement, we first write the axially symmetric 
field produced by the lens in the fibre entrance plane as E^_^(r).
The incident field required in (2.1) is then given by §j_nc = (r - d) 
where d is the transverse offset as shown in Figure 5.2.
Diff. Field
k------d------ *\
Figure 5.2 Coordinate system in the fibre entrance plane. The 
diffraction field produced by the lens is offset from the 
fibre axis in the direction d, which is chosen to coincide 
with the x axis. The Airy disc radius r^ characterizes the 
diffraction field in the focal plane of the lens. We use 
lengths normalized by the fibre radius p: D= |d|/p,
S = s/p and R = |r|/p.
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By arbitrarily allowing the x axis i.e. the zero of azimuthal angle (j), 
to coincide with the direction of transverse offset d, only the even 
modes of the fibre will be excited by this source. If we also use the 
weakly guiding approximation (n « n ^ ) ,  and linearly polarized modal 
fields, the excitation is independent of the source field polarization. 
We can thus drop the vector notation from equation (2.1) which then 
takes the form
ap (d) = ep (r)**Ed .f(r) (2.2)
where ** indicates a two dimensional convolution. This equation suggests 
the use of Fourier transform methods which give
a(d) = F_1[F(e ) . F(E )] , (2.3)p p dii
where F and F 1 are the Fourier and Inverse Fourier transform operators 
respectively.
The two Fourier transforms in equation (2.3) can be 
interpreted physically in terms of the plane-wave components present 
in the system of Figure 5.1. If we write the transform of e as
F(e ) 
P
exp ( i k . r) e^ dr (2.4)
then comparison with equation (2.1) shows that it can be interpreted
as the excitation coefficient a of mode e , when the source is a simple
P P
plane wave. Also, F(E^_^) can be viewed as a plane-wave decomposition 
of the diffraction field [14], so that (2.3) is simply a summation of 
plane-wave responses that have been weighted by the presence of the 
lens.
The inversion integral of equation (2.3) is performed over a 
finite domain since F(E^_^) is a band-limited function representing 
the aperture function of the lens. The integral of equation (2.1) 
however, extends over the infinite cross-sectional plane. Although the 
transform method is conceptually appealing, we have used equation (2.1) 
in the following analysis as it allows more generality, and does not 
require the assumption of a slowly varying phase term in E^_^ to 
facilitate the use of the Fourier transform (see section 5.6).
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Nevertheless, an integral representation of E will be used, and a 
reordering of integrations made, to obtain an answer very similar to 
that given by the Fourier approach.
5.2.2 Modal excitation coefficients
We now evaluate (2.1) for the case of a fibre with an arbitrary
refractive index profile. As seen in the previous section, the incident
field E. can be written in terms of the diffraction field of the lens m e
Edif. Early investigations of the field in the vicinity of a lens’ 
focus by Airy (1835), Lommel (1885) and Struve (1886) have been 
followed by extensive calculations based on scalar diffraction theory 
[15,16] of small angular aperture systems, and electromagnetic vector 
theory in optical systems of wider aperture [17-19]. The small 
acceptance angles of communications fibres lead us to base our 
investigation of lens excitation on the scalar theory.
We use the radial coordinate s, measured from the centre of 
the diffraction pattern (see Figure 5.2) and normalize distances by 
the fibre radius p so that S = s/p and Z=z/p. The field at a point P 
near the geometrical focus of the lens is given by scalar diffraction 
theory [20] provided f >> a >> A (Fig. 5.1) and the displacement of P 
from the focus is << f . Thus,
*2
Edif(Z’S) - i T i e r  exp(iKi z)
•K±a/f
J (Sft) 
o
x exp ft d ft (2.5)
where K. = 2 tt p n./A and Z is the impedance of a medium of refractive 1 1 o
index n (n is the maximum value of n ). It should be noted that a o o co
phase dependence on S has been omitted from this equation as its 
contribution is very small at points P that satisfy the above 
conditions [20]. The normalization of this field is such that in the 
absence of waveguide effects, unit power is transmitted across the 
fibre entrance plane. Such a normalization removes the effects of 
reflections at the lens and fibre interfaces, and will from now on be
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r e f e r r e d  to  as  t h e  ’ i n c i d e n t  p o w e r ' .  The a c t u a l  r e f l e c t i o n  e f f e c t s  can 
be e a s i l y  i n c o r p o r a t e d  by t h e  u se  o f  t h e  c l a s s i c a l  F r e s n e l  fo rm u lae  as  
d i s c u s s e d  i n  s e c t i o n  2 . 3 .
I f  we a r b i t r a r i l y  a l l o w  th e  x a x i s ,  i . e .  t h e  z e ro  o f  a z i m u t h a l  
a n g l e  (f>, to  c o i n c i d e  w i t h  t h e  d i r e c t i o n  o f  t h e  t r a n s v e r s e  o f f s e t  
d ( F i g .  5 . 2 ) ,  t h e n  on ly  t h e  even  modes o f  t h e  f i b r e  w i l l  be  e x c i t e d  by 
t h i s  s o u r c e .  We have  s e en  i n  s e c t i o n  5 . 2 . 1  t h a t  w i t h  t h e  w e a k ly  
g u i d i n g  a p p r o x i m a t i o n ,  t h e  e x c i t a t i o n  i s  i n d e p e n d e n t  o f  p o l a r i z a t i o n .  
Thus,  w i t h o u t  l o s s  o f  g e n e r a l i t y ,  we choose  t h e  i n c i d e n t  f i e l d  t o  be 
x - p o l a r i z e d .  The a p p r o p r i a t e  modal  f i e l d  f o r  u se  i n  e q u a t i o n  ( 2 .1 )  
i s  t h e n
.  f n ( R)
e = x —^ -----  c o s ( £ -  l)(j) , ( 2 .6 )
P
which  we have  o b t a i n e d  from t h e  f u l l  modal  f i e l d  e x p r e s s i o n  o f  
e q u a t i o n  ( 2 . 2 . 4 ) .  The r a d i a l  v a r i a t i o n  i n  t h e  modal  f i e l d  i s  g iv e n  by 
f ^ ( R ) ,  w i t h  R = r / p ,  and depends  on t h e  r e f r a c t i v e  i n d e x  p r o f i l e  o f  t h e  
f i b r e .
To e v a l u a t e  t h e  e x c i t a t i o n  i n t e g r a l  o f  e q u a t i o n  ( 2 .1 )  we 
need  t o  r e w r i t e  t h e  i n c i d e n t  f i e l d  ( 2 . 5 )  i n  t h e  R,4> c o o r d i n a t e s  o f  t h e  
f i b r e .  T h i s  i s  a c h i e v e d  th ro u g h  t h e  Graf  a d d i t i o n  f o rm u la  [ 2 1 ] :
CO
J  (Sft) = 2  J  (Dß)J. (RÜ) cos (k(f>)
o k=-°° k k
( 2 . 7 )
w i t h  D = d / p .  We a r e  now a b l e  t o  s u b s t i t u t e  i n  e q u a t i o n  ( 2 .1 )  to  
o b t a i n  t h e  g e n e r a l  f o rm u la  f o r  t h e  modal  e x c i t a t i o n  c o e f f i c i e n t s  
a ( s e e  t h e  Appendix f o r  m a t h e m a t i c a l  d e t a i l s ) :
a
P
- i 2 ttZ ij; , o p '
— ^  exp ( i  K . Z) a K. l
r K .a / f
£2 i  (£i!D) exp 
o
x J n n (Rft)f (R) R dRdft 
36 1 p
O
( 2 . 8 )
Close  e x a m i n a t i o n  o f  t h e  R i n t e g r a t i o n  i n  t h i s  fo rm u la  r e v e a l s  a 
s i m i l a r i t y  to  e q u a t i o n  ( 2 . 3 ) ,  when we r e a l i z e  t h a t  t h e  Hanke l  t r a n s f o r m
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of the radial variation f (R) is equivalent to its two-dimensionalP
Fourier transform since f (R) is circularly symmetric.
5.2.3 Step index fibre
We have now derived a formula for the modal excitation 
coefficients in terms of the radial field variation f (R), the exactp
form of which depends on the refractive index distribution in the 
core (see section 2.4). In this section, we use the exact form of 
f (R) for step index fibres in equation (2.8).
From equation (2.2.5), the radial dependence of the modal 
field in a step index fibre is
fp(R) m (UR)/Jm (u) , R < 1
^ y w i o / K ^ p w ) , R > 1
(2.9)
The Hankel transform of equation (2.8) can now be evaluated [22,23] to 
give the excitation coefficients in a step index fibre:
aP - i
2tt
Z \bop'
H
—  —  exp ( l K . Z) a K. ll
•K^a/f
J£ ^(^D)exp 
o
i z n 2 '2K.J
V 2 [ßj (ft) - J (fi)G] n dft
(ft2 - u 2)0 72 +  w 2) (2.10)
in which
U J£ (U)
(2.11)
The remaining integral in this equation must be calculated numerically 
and some results are given in later sections.
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5.3 MULTIMODE STEP INDEX FIBRE 
5.3.1 Electromagnetic analysis
In general, the modal excitation coefficients in step index 
fibres (2.10) must be evaluated numerically. However, in one important 
case a good approximate analytical solution may be obtained. When the 
entrance face of a step index fibre lies in the focal plane of the lens, 
i.e. z = 0  in Figure 5.1, it is a simple matter to reduce the excitation 
integral in equation (2.10) to an analytic form if the Airy disc radius 
r^ (1.2) is small compared to the fibre radius. This would also require 
a large value of the waveguide parameter V (1.3), which corresponds to 
the case of multimode communication fibres. If the fibre face is in the 
focal plane, the diffraction field is the well known Airy
pattern [14]
Jdif -i
2Z J (K.fs) o r  if J
P s (3.1)
where the incident power has again been normalized to unity. Using 
the assumption that the magnitude of this incident field is only 
significant over a small section of the fibre core, we can substitute 
for in equation (2.1) and obtain the following simple form for
the power launched in mode p, (2.3.3), when the lens and fibre 
axes are offset by a distance d= pD:
p 4 f* W UD) U < K  a
P K2 a2 J2 (U) ’ i f ’
(3.2)
=  0 U>K.f l f
This result has a simple geometric interpretation. For large 
V, there is a family of plane-waves or equivalently rays, which 
correspond to mode p and which are inclined to the z-direction at an 
angle 0^ given by [24]
sin 0 = (U/V) sin 0p c
The condition U < K a/f may now be written as
(3.3)
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n 0 /n. < 0. o p  1 (3.4)
where we have assumed the practical small-angle approximation. But
n 0 /n. is iust the transformation of angle 0 into the incidence o p l p
medium by Snell's law. Thus the condition of equation (3.2) states 
that a mode will only be excited if its associated plane wave has a 
direction within the core that is present in the angular spectrum of 
incident rays passed through the lens.
5.3.2 Launching effects of optical system parameters
In the following sections we will investigate the effects of 
varying the parameters of the optical system of Figure 5.1, i.e.
0 ,Z,D and 0 . For convenience we introduce the angle 0. , which isJ-j C 1C
the angle in the medium between the lens and the fibre, which 
corresponds, by Snell's law, to the critical angle 0^ inside the core. 
Thus the fibre acceptance angle 0 in this entrance medium is defined 
by
sin 0 . = (n /n .) sin 01C co 1 c (3.5)
The geometric optics methods described in section 3.4 will be used to 
calculate the power launched into the bound and tunnelling rays, and a 
comparison made of this bound ray power and the total power launched 
in the bound modes (calculated from equation (2.10)).
Unless otherwise stated, when numerical values are required 
we will use the following values for the parameters in Figure 5.1, 
which are based on an experiment by Kapany and Burke [25]:
n = 1.525 n , = 1.5188 n. = 1 co cl 1
numerical aperture of lens = 0.25 
tan 0^ = 0.1387
The choice of other values for these parameters does not change the 
qualitative trends of any of the following results.
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5.3.3 Lens aperture
Here we are concerned with the effect of varying the lens 
angle 0 (1.1). We consider the optical system to be perfectlyLi
aligned, i.e. Z = D = 0 ,  and let 0 vary from zero until it exceeds the 
acceptance angle of the fibre 0 . Applying geometric optics gives
the power in the bound rays as
VV
inc
1
tan20 ._______ 1C
tan20^
0T <0.L lc
0T ^  0.L lc
(3.6)
where P_^  is the total incident power. Figure 5.3 shows this bound 
ray power together with the total bound mode power launched within the 
core when 0 is varied in this manner. It is obvious that in theLi
geometric optics limit, any 0^< 0^^ will ensure maximum launched power, 
but increasing 0 beyond 0. leads to inefficient power launching.
lj 1 C
These conclusions are supported by the electromagnetic theory 
results of Figure 5.3. Clearly, as V increases, the geometric optics 
result becomes more accurate. A major deviation appears however, at 
very small values of 0 and its origin is as follows. When 0 0 wel_i Li
have, according to (1.2), r^-*°° and thus only a small fraction (~0) 
of the incident power actually falls on the waveguide core.
The results of equation (3.6) can also be derived analytically 
from the large V, electromagnetic theory results of section 5.3.1. In 
equation (3.2) we set D= 0 so that is non-zero only when £ = 1. For 
large V, ^ approaches a zero of and the large argument asymptotic 
form for the Bessel function [21] gives
J2(IL ) « 2/tt U, , ILl 1 ,m 1 ,m ’ l,m
Substituting in (3.2) gives the non-zero modal power as
pi ä  IL , IL <K.§l,m K. a2 l,m l,m ifl
(3.7)
(3.8)
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Figure 5.3 Bound power P^ launched inside the core of a multimode 
step index as the lens half-angle 0^ is varied. The lens and 
fibre are perfectly aligned (D=Z=0 in Figure 5.1). The dashed 
curves are calculated from modal theory (2.10) and are labelled 
by the parameter V. P^ i-s t^ e total power crossing the 
entrance plane (section 5.2.2).
At large V, there are many propagating modes and we may proceed to an
integral expression for the summed bound power . If we note that
U, ,. - U, % Tf in this region, we obtain 1,m+1 1,m
2  P i m  1 ,m
2tt f_ 1_ 
K2 a2 ttl
U dU (3.9)
Introducing the angle 0^ of equation (3.3) and applying the limits 
specified by the conditions of (3.2) then leads to equation (3.6) 
with tan20_^/tan20^ replaced by the small-angle approximation
0? /0T2 .lc L
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5.3.4 Axial defocusing
We now keep the lens and fibre axes aligned (i.e. D=0), but 
allow the fibre face to be moved out of the focal plane of the lens, 
i.e. we no longer require Z to be zero. As we are only interested in the 
bound ray or mode power in this section, we can choose any 0^^0.£ , 
and note from the geometric optics viewpoint that when there is a non­
zero Z, a single bound ray direction (0^0^) will be launched through 
each elemental area dA that lies within a circle of radius Z tan 0.1C
on the fibre face. The total bound ray power is then given by 
integrating the incident intensity over this area:
V z)V°)
Z2tan20ic
Z tan 0 . ^  1 ic
Z tan 0 . ^  1 ic
(3.10)
where we have normalized by the bound ray power launched in the focal 
plane. This result has been plotted, together with the bound mode 
power launched within the core for several values of V, in Figure 5.4. 
The dependence of this power on 0. has been removed by plotting 
against Z tan 0 ^ ,  the radius of the acceptance area on the fibre face. 
This figure confirms the adequacy of a geometric optics description when 
dealing with fibres of moderately large V, e.g. greater than, say, 10.
The curves show that the launching efficiency will not be
greatly affected by defocusing, provided Z tan 0^c < 1, but a 3dB
penalty will be incurred if Ztan 0. increases to 1.5.ic
5.3.5 Transverse offset
We turn now to the effect of introducing a transverse offset D 
between the axes of the lens and the waveguide and also include various 
axial displacements Z (Fig. 5.1). As in the previous section on 
defocusing, we fix 0 ^ 0 .  and normalize the bound power P (D) by itsi-i 1 C D
value when D=0. When the fibre is in the focal plane, it is clear 
from geometric optics that P^(D)/P (0)=1 provided the focal point of
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0. > 0;
V = 10
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Figure 5.4 Behaviour of the bound power launched within the core 
of a multimode step index fibre which is offset longitudinally 
from the focal plane by a distance z=Zp. The dashed curves 
have been calculated using equation (2.10) for the V values 
shown, while the solid curve was given by geometric optics.
the lens remains within the core boundary, and is zero otherwise. With 
non-zero defocusing, the analysis becomes slightly more complicated, as 
we have to determine the area on the fibre face that is common to the 
fibre core and the circle of radius Z tan 0. centred on the lens axis.1C
(This circle contains all the rays which are incident at angles less 
than 0^ ) . The results of these calculations are plotted in Figure 5.5, 
with the corresponding bound mode power within the core for V= 20.
This figure shows that the sensitivity of the launching 
efficiency to transverse offsets in the optical system increases as 
Z tan 0^c is increased from 0 to 1. Any further increase of the axial 
defocusing beyond 1 makes the launching system more tolerant of 
transverse misalignment, but this advantage is offset by the
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Figure 5.5 Variation in the bound power launched inside the core 
of a fibre which is offset from the focal point of the lens by a 
transverse distance d=Dp. The dashed curves correspond to the 
electromagnetic theory of equation (2.10) with V=20, while the 
solid curves were produced by geometric optics analysis. The 
curves are for different longitudinal offsets from the focal 
plane, Z, and are labelled by Z tan 6 ^  (see text).
corresponding loss caused by the defocusing itself (see Figure 5.4).
5.3.6 Angular misalignment
In this section we examine the effect of allowing the lens 
and waveguide axes to intersect at an angle ß^ while keeping Z = D = 0  
(see Figure 5.6). The geometric optics analysis of this launching 
situation involves the direct application of equation (3.4.3). The 
area integration in this equation is not required here since all the 
rays enter the fibre through the same elemental area on the fibre 
axis. However the remaining 0 and (j) integrations give rather involved 
expressions due to the asymmetry of the excitation condition (note 
that the relevant 6 limits are functions of 0 here), and the several 
possible combinations of 0^,0^c and 3^. Figure 5.6 shows the power 
launched in the bound rays for these various combinations.
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Figure 5.6 Bound ray power launched in a multimode step index 
fibre when the lens and fibre axes intersect at the focal point 
at an angle |3 . The curves are for lenses of different half­
angles 0^ and all angles have been normalized by the fibre 
acceptance angle 0»c (3.5).
We can see that when 0 is close to 0. , the system is very1C
sensitive to angular misalignment, but becomes more tolerant of such 
misalignment as 0 increases beyond 0. . This increasing toleranceJ L  1 C
is offset, however, by the decrease in launching efficiency that was 
shown in Figure 5.3.
5.3.7 Angular sensitivity
If the lens and fibre axes are aligned, and the fibre face 
in the focal plane (i.e. D=Z=0), but the plane-wave source is 
incident on the lens at an angle a , then the centre of the diffraction 
pattern will be offset from the fibre axis. From the geometric optics 
viewpoint, this case is similar to that of the previous section with 
the exception that the point through which the cone of rays enters the
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fibre core, now moves across the fibre face as ot_^ is varied, whereas it 
previously remained on the axis. Thus, the curves of Figure 5.6 
approximate this new situation with replaced by a^. It must be 
remembered however, that in addition, the bound ray power will be 
zero for a. > tan ^p/f), since this condition corresponds to the 
incident rays focusing on a point outside the fibre core.
The angular sensitivity of the optical system places a limit 
on the size of the lens that can be used. Keeping tan 0 =a/f fixed
.Li
to optimize the launching efficiency, we could increase the lens 
aperture a in order to increase the total power entering the system. 
However, the corresponding increase in f will make the system much 
more sensitive to the angular alignment of the input beam.
5.3.8 Excitation of tunnelling rays
In the preceding sections we have considered only bound rays 
and compared them with the corresponding bound mode analysis. We now 
include the tunnelling rays (defined in (3.3.5)) and investigate the 
effects of axial and transverse offsets in the optical system on their 
excitation.
When 0 < there are no tunnelling rays launched in the 
fibre. If 0 > 0. , equation (3.3.5) shows that tunnelling rays canLj 1C
be launched, except if D=0. (In this case y = 0  for all rays entering 
the fibre.) However, as soon as we introduce a transverse offset, 
there is an area on the fibre entrance face that accepts tunnelling 
rays. To calculate the power launched in these rays, we integrate 
the incident intensity over the appropriate acceptance area as 
discussed in section 5.3.4. A domain in the fibre entrance plane that 
corresponds to incident rays with angles satisfying the condition for 
tunnelling (3.3.5) can be easily identified from the geometry of the 
system. For a given transverse offset D, this domain is bounded by 
points S,4 (see Figure 5.2) which satisfy
1 - D2sin24 = sin28. (S2+Z2)/S2 . (3.11)1C
However, to calculate the launched tunnelling power it is necessary to
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identify the area that is common to this domain, the fibre core, and a 
circle of radius Z tan 0 around the centre of the diffraction pattern.
.Li
This will normally require the solution of trigonometric equations which 
are critically dependent on the relative magnitudes of D and Z.
In Figure 5.7 we have plotted the bound and tunnelling ray
power launched in the fibre as a function of D, for various values of
Z. In this figure we have fixed 0^ and 0 at the values mentioned in
section 5.3.2, and have normalized the launched power at an offset D
by the total power incident on the fibre core face for that value of
D, P (D). These curves show that we can avoid launching significant c
power in the tunnelling rays, even with modest transverse offsets, 
by increasing Z tan 0_.c above 1. This advantage is, once again, gained 
at the expense of total launched bound power, as shown in Figure 5.4.
TUNN.
BOUND
Figure 5.7 Bound (solid curves) and tunnelling ray (dashed curves) 
power launched in the fibre when it is offset from the focal 
point in both transverse and longitudinal directions. The lens 
angle 0^ and the fibre critical angle in the entrance medium 
0^c are those specified in section 5.3.2. The power at a 
transverse offset D is normalized by the fraction of the 
incident power falling on the fibre core for that D, P (D)
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5.4 MULTIMODE GRADED INDEX FIBRE
In section 5.3 we have shown that geometric optics can be
used when investigating the excitation of multimode, step index fibres.
The same ideas can be applied to multimode, graded index fibres and we
give some basic results in this section. We use the core refractive
index n (r) defined in (3.2.4) and in addition define a local co
acceptance angle in the entrance medium 0 (r) , where by Snell's law
n. sin 0. (r) = n (r) sin 0 (r) , (4.1)1 1C co c
and 0^(r) is the local critical angle (3.2.13). Thus, in contrast to
the step index case, the acceptance properties vary with position on
the fibre entrance face and, for the smooth profile considered here,
0 -*■ 0 as r-> p . c
For a lens with half-angle 0 , as in Figure 1, the rays are 
all accepted at a position r if © ^ ^ © ^ ( r ) .  Thus, the lens aperture 
law of section 5.3.3 now generalizes to
1
Pb (0L ’r)
inc tan20. (r)______ 1C
tan20„
eL<e.c(r)
eL> eic(r)
(4.2)
As a further example we consider the sensitivity to transverse offsets. 
Using equation (4.2) it is easy to show that
P, (D)
tan20. (D)_______1C
tan20ic(V
0 < D < D
dl< d< i
(4.3)
where
solution of 
6ic(DL) = 9L'
9I>eic(°)
eT < e. (o)L lc
(4.4a)
(4.4b)
Substitution for 0^^ gives the term in 4.3 as
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tannic (D) K o( D ) - n ^ ] [ n H n ^ - n ^ ( D L)]
tannic(dl) [n’ (D ) - n’ ] [nj+ - n^(D) ]
(4.5)
and the equation to be solved for D (4.4b) becomes
Li
n co (Dl7 ■ ncl + K (4.6)
where NA^, the lens numerical aperture, is given by
NAf = n^ sin 0^ (4.7)
As a detailed example, we take the power-law profile of 
equation (3.2.5). This leads to
tan20 . (D) [1 - Dq ][n2 - 2An2 (1 - D q) ]_____lc _ ______ l____ o L
tan26. (D ) ” [ 1 - D , q ][n?- 2An2 (1 - Dq) ] ic L L l o
%
r
1 -
1 - D,
A «  1
and, when 0 ^ < 0 ^ c (O), i.e. NA^ < 2n2A 
DL - t1 - K /2noi]1/q
(4.8b)
(4.9)
Equations (4.3) and (4.8) show how power acceptance varies with 
transverse misalignment. This sensitivity to transverse offsets is 
illustrated in Figure 5.8 for the two cases of 0 ^ 0 ^  (0) and 
0 ^ 0 .  (0), and a selection of values of q, the profile grading
Li 1 C
parameter.
5.5 SINGLE-MODE FIBRE 
5.5.1 Step index fibre
We now examine the situation in which the fibre of Figure 5.1 
supports only one propagating bound mode. With a step index profile,
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Figure 5.8 Bound ray power launched in a multimode graded index fibre
as the transverse offset D is varied, while keeping the fibre face
in the focal plane. The curves are labelled by the grading
parameter q (3.2.5) of the power law profile. We have used
sin20 = 0.02 and n =1.5. c o
the electromagnetic analysis of section 5.2 is still valid and the 
launching efficiency depends on how closely the incident field matches 
that of the fundamental HE mode.
In Figure 5.9 we have used the excitation coefficient from 
equation (2.10) to calculate the power launched in the HE mode as 
0 is varied in the perfectly aligned system (Z=D=0), for different
i-i
values of V. This figure shows that a maximum of about 80% of the 
incident power can be launched in a single-mode fibre by letting V 
approach the cut-off value for the next highest mode. As V approaches 
this value, the optimum lens angle 0^ for each V, approaches 0^ . The 
dashed curve in Figure 5.9 will be explained later. For V=2.4, the 
maximum launching efficiency occurs at about 0^/0^ = 0.86, which 
corresponds to an Airy disc radius of r =1.853p.
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Gaussian Mode
v = r o
Figure 5.9 Power launched in the fundamental HE.... mode of a single­
mode step index fibre when the lens half-angle 0^ is varied.
The fibre is perfectly aligned (D=Z=0) and the curves are 
for various values of the waveguide parameter V. The 
calculations have assumed a fibre numerical aperture 
n sin 0 =0.07, and the dashed curve corresponds to a 
Gaussian approximation of the modal field.
5.5.2 Graded index fibre
The modal fields of general graded index fibres are not 
known explicitly, so we cannot immediately give expressions for the 
power launched in such fibres by the lens sytem of Figure 5.1.
Marcuse has shown however [26,27], that we can approximate the field of 
a single-mode graded index fibre by a Gaussian distribution. Thus the 
modal field, normalized in accordance with equation (2.2.11) can be 
written as
e = l
h
(7TW'
exp( - r2/w2) (5.1)
where the subscript 1 indicates the fundamental mode of the fibre. The 
width parameter w is chosen so as to ensure that the above form of e 
is an optimal solution of the scalar wave equation in a least-squares 
sense [27]. Marcuse gives plots of these optimal values of W^=w/p, 
as a function of V when the refractive index distribution is given by
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the power law of equation (3.2.5).
We now consider the optical system shown in Figure 5.1
with a graded index single-mode fibre and no misalignments (D = Z = 0) .
Applying the excitation methods of section 5.2 with the Gaussian
modal field approximation (5.1) gives the power launched in the
fundamental mode, P , as ’ l ’
P l 32 K 2a2W2 l M
sinh'
fK?a2W2] f K2a2W 2)i M i Mexp —
8f 2 4f 2
(5.2)
where W... is the normalized width of the Gaussian modal field. This M
equation has been used to calculate the dashed curve in Figure 5.9 for
comparison with the exact modal result for a step index fibre with
V=2.4. The value of W,, used in (5.2) was obtained from Marcuse’sM
formula for the optimal beam width in step index fibres [26].
Figure 5.9 shows that the approximation of the fundamental mode of 
the step index fibre by a Gaussian function provides a reasonably 
accurate method for simplifying the analysis of single-mode 
excitation. The accuracy of this approximation in graded index fibres 
will increase as the profile grading parameter q approaches 2 [27].
5.5.3 Gaussian approximation for diffraction field
In the previous section we saw that the approximation of the 
modal field by a Gaussian function gives a closed-form expression for 
the launched power when the lens and fibre are perfectly aligned. If 
we allow a non-zero transverse offset D, however, the resulting 
expression for the launched power contains an integral which can only 
be evaluated numerically. We look now for an approximation which will 
provide closed-form expressions for the launched power in the presence 
of offsets.
Allowing misalignment in the transverse direction only 
(i.e. Z = 0) enables us to approximate the Airy diffraction field in the 
focal plane, as well as the modal field, by a Gaussian function. These 
approximations greatly simplify the excitation analysis; results for 
the interaction of two Gaussian fields of different widths, and 
including transverse and longitudinal misalignment are given by
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Marcuse [26]. In particular, the power launched in the Gaussian mode 
when the lens and fibre axes are offset by a normalized distance D is
Pj(D)
f 2 W A FT )A M exp 2D^
W A + W a + w5.l A M J 1 A M J
(5.3)
where W A is the normalized width of the Gaussian function that A
approximates the Airy diffraction pattern, and is the modal field 
width defined for equation (5.2).
A comparison of this approximate formula with the exact 
modal analysis of equation (2.10) is shown in Figure 5.10 for a step 
index single-mode fibre with varying offset D. The modal field width
GAUSS. APPROX.
“ EXACT
1-5 20 2-5D
Figure 5.10 Variation in the power launched in the HE.^ mode of a 
single-mode step index fibre (V=2) as the transverse offset D 
of the fibre is varied. The fibre entrance face remains in the 
focal plane. The lens angle 0 has been chosen to maximize the 
D = 0  launched power and the fibre numerical aperture is 
n sin 0 = 0.07. The upper curve has been calculated using a 
Gaussian function to approximate both the diffraction and modal 
fields, while the lower curve was plotted using the exact electro­
magnetic theory of equation (2.10). The dashed lines indicate 
the offsets D at which the power falls to half its peak value.
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W^ was again determined from Ref. [26], while W^ was chosen so that the 
power in the Airy pattern and its approximating Gaussian field fell to 
half their peak values at the same radial distance. This figure shows 
that the two-Gaussian approximation does not provide particularly 
accurate results for the absolute launched power, but does give better 
estimates of the offset distance required to produce a reduction of, 
say, one half in the launched power.
5.6 NONUNIFORM INCIDENT FIELDS
In the preceding sections we have assumed that the field at 
the entrance pupil of the lens (see Figure 5.1) had uniform amplitude 
over the aperture. We are also interested however, in cases where this 
incident field is not uniform. For example, we may wish to analyse 
fibre excitation when the Gaussian beam of a gas laser is focused through 
the lens. Such a nonuniform incident field can be readily incorporated 
in the geometric optics analysis through the intensity function 
I(6-^,r>40 which was first introduced in equation (3.4.1). The 
corresponding modal analysis is much more complicated however, and so 
we here investigate an approximate modal description when the lens and 
waveguide are perfectly aligned (i.e. Z = D = 0  in Figure 5.1).
Our first step is to determine the field in the entrance plane 
of the fibre, i.e. in the focal plane since Z=0. We assume that an 
axially symmetric field g(r), of infinite radial extent, is incident on 
the entrance pupil of the lens. Because of the finite radius of the 
lens aperture a, the truncated field in the plane of the exit pupil, 
h(r), is [28]
h(r) = g(r)exp( i Br2) , (6.1)
where B = k/2f, k is the wave number, f the lens focal length, and
g(r) = g(r)p (r) , (6.2)
a
with Pa(r) the aperture function
p (r) = 1  , I r I < a
, , (6.3)
= 0 , I r I > a
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The field in the focal plane is then [28]
j (r) = h(r) ** exp(iBr2) , (6.4)
where ** denotes a two-dimensional convolution. Substituting (6.1) then 
gives
j (r) = 2 tt exp( i Br2)G(2Br) (6.5)
in which G(w) is the Hankel transform of g(r):
G(o>) r g (r) (cor) dr ( 6 . 6 )
The focal plane field j(r) can now be used as the incident field in 
equation (2.1) to determine the modal excitation coefficients a^.
Since the excitation field is axially symmetric only those
modes of the fibre which are themselves axially symmetric will be
excited, e.g. the HE, modes in the step index fibre. We can find a° l,m r
simple formula for the excitation coefficients of these HE, modesl, m
for the case of a negligible focal plane field j(r) outside the fibre 
core, and the phase term in (6.5) slowly varying over this region (as 
is the usual case). The radial dependence of the modal field e, 
in the step index fibre is (from equation (2.9)) governed by
'1 ,m
JQ (Ur/p). Thus, substitution of j(r) (6.5) in the excitation integral 
(2.1) will involve
rP
G(2Br)Jo(Ur/p)rdr » G(2Br)JQ (Ur/p)rdr
g(U/2Bp)/(2B) (6.7)
where we have used the approximations mentioned above and identified 
the second integral as an inverse Hankel transform [28]. In full 
we obtain
1 ,m J (U)/t B: o l,m
-( U8t2BP" (6.8)
Thus when these approximations hold, the modal excitation coefficient 
is simply related to the original field incident on the lens.
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As a final example, we consider the case in which the incident 
field is a Gaussian beam:
h
g(r)
4Z
exp ( - r2/w2) o (6.9)
where the normalization is such that unit power will cross the fibre
entrance face (see section 5.2.2). Using (6.8) we can immediately
write the power P_ launched in the HE. mode as l,m l,m
l , m al J /2,m'
2tt‘
V2p2w 2B4 j 2(u )6-,o o l,m
exp
, 2w2p2B2J o
, U < 2apB
U> 2apB
(6.10)
in which is defined in equation (2.2.10).l,m
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APPENDIX
Equation (2.8) is derived by substituting the modal field 
(2.6) and the incident field (2.5) and (2.7), into the excitation 
integral (2.1). The resulting expression involves the integral
I = X 
k = - ° °
cos (k(j>) cos (£ - 1)(J) d(J)
fK a/f
Jk(QD)Jk(R^>)
o o
exp
2 'l
“±J
f (R)ftdft RdR 
P
(A. 1)
Evaluating the (f) integral eliminates all the terms in the summation 
except those with k = ± ( £ - l ) .  Noting also that J_k (x) = (-1) J1r(x)
finally gives
I = 7T
K.a/fl ^(ElD)exp ' . ztt2 '1 n2 K . J n _(Rfi)f (R)RdR dS7 . (A. 2)jo—1 p
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CHAPTER 6
LENS EXCITATION OF FEW-MODED FIBRES APPLIED 
TO PHOTORECEPTOR OPTICS
6.1 INTRODUCTION
The analysis of the lens-waveguide system in Chapter 5 
considered the two fibre types of interest in communication 
applications: highly multimoded, and monomode fibres. We now
consider the intermediate case of a low V waveguide which supports 
only a few bound modes. Unlike the previous cases, the power capture 
properties of these waveguides can exhibit strong modal resonance 
effects when r^, the Airy disc radius of the focal plane field, is 
similar to the waveguide radius p.
We have seen in Chapter 1 that the visual receptors in the 
eyes of animals act as small, low V waveguides which absorb the 
incident light, and produce an electrical signal for processing by 
the neural apparatus. We will therefore apply our analysis of light 
capture in this type of waveguide, to a particular visual system 
which has undergone extensive experimental investigation - the fly 
eye. Optically, each segment or ommatidium of the compound fly eye 
consists of a facet lens which focuses the incident light onto an 
absorbing waveguide or photoreceptor structure, known as a rhabdomere 
(Figure 6.1). ' In fact, each ommatidium contains eight such photo­
receptors of two different diameters, as shown in Figures 6.1 and 6.2. 
Since these photoreceptors support only a few propagating bound modes, 
we may use. the electromagnetic theory analysis of lens-excited wave­
guides (section 5.2.3) to theoretically investigate their light- 
guiding properties.
The visual system under consideration is exceedingly complex, 
and as a result, the interpretation of measurements on this system is
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ppc Sc re tc  rhspc nu t r  cm
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Figure 6.1 Two ommatidia from a fly retina. Each consists of a facet 
lens (f&), a pseudocone(psc), four Semper cells (Sc), eight 
retinula or sense cells (retc) numbered 1 to 8, two primary 
pigment cells (ppc), six secondary pigment cells (spc) and a 
trachea (tr). The rhabdomeres (rh) have a tubular structure and 
are preceded distally by caps (ca). They are separated by the 
central matrix (cm). Also shown are the nucleus (nu) and 
mitochondria (mi) inside the retinula cells. The upper 
ommatidium is dark-adapted, while the lower shows pigment 
granules (in the retinula cells) in the light-adapted state,
(from Stavenga [1]).
difficult, requiring careful consideration of the many possible inter­
actions of the components shown in Figure 6.1. The task of isolating 
the role of each structure is an important step in understanding the 
design and operation of the whole system. In this chapter we use a 
theoretical model to study the influences of optical design on the
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Figure 6.2 Cross-section through an ommatidium of Musca. Seven 
sensory cells with their attached rhabdomeric structures (dark 
sections) are shown. The diameter of each peripheral rhabdomere 
(1-6) is about twice that of the central one (7). Rhabdomere 
8 cannot be seen here since it is situated proximal (further 
from the lens) to number 7 (from Reichardt [2]).
performance of the visual system. The great flexibility of a 
theoretical model enables us to vary the system parameters at will, 
and "experiment" numerically with a large range of configurations. 
This may allow us to identify parameters which are crucial, and 
exercise great control over receptor response, or to deduce why 
certain parameters have reached their observed values through the 
process of evolution.
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We do not attempt to include all aspects of the visual system 
in our study, but concentrate on the interaction of the optical 
properties of lens and photoreceptor. This coupling has received only 
limited consideration in the past [3]. Also, it is clear from 
Figure 6.2 that the photoreceptors being considered are much more 
complex than the circularly symmetric waveguides assumed in the 
analysis of Chapter 5. Such differences will of course prevent us 
from accurately calculating the absolute power absorption in a given 
receptor. However, previous comparisons of experimental measurements 
and similar theoretical calculations [e.g. 4], enable us to confidently 
predict the trends resulting from variations in the optical parameters 
of the system.
After first identifying the parameter ranges of interest, 
we investigate the effect on power absorption and spectral 
sensitivity, of variation in the lens focal length, defocusing of the 
photoreceptor entrance face, and chromatic aberration in the lens.
This is followed by a study of the dependence of angular sensitivity 
on focal length and wavelength variations. We next consider 
deviations of the photoreceptor geometry from the assumed uniform 
cylinder, e.g. tapering of the receptor and the inclusion of a cap of 
different refractive index at the start of the receptor. Finally, 
we comment on various approximate formulae used to simplify the 
calculation of angular sensitivity curves.
6.2 THEORETICAL MODEL
We consider the optical system of Figure 6.3, which is the 
same as that analysed in Chapter 5, with the exception of a change in 
notation for the refractive indices involved, since we are here 
dealing specifically with a photoreceptor system. As indicated in 
Figure 6.3, the model assumes a simple lens of radius a and focal 
length f. The results apply equally well however, to a compound lens 
system when the necessary geometrical points and pupils are used [5]. 
We again describe the lens in terms of its half-angle 0 (5.1.1) and
Li
the Airy disc radius of the field it produces in the focal plane, 
r, (5.1.2).
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Figure 6.3 Geometry of a plane wave segment focused through a lens 
of radius a and half-angle 0 , onto the entrance face of a 
photoreceptor of refractive index n^.
The receptor is taken to be a dielectric cylinder of
refractive index n surrounded by a medium of index n < n . In r J s r
section 6.7 we consider variations from the uniform geometry shown in 
Figure 6.3, when we introduce tapering of the receptor, and a short 
cap of different refractive index at the receptor entrance. The 
receptor is, as before, described by a critical angle 0^ and waveguide 
parameter V. A slight modification of the definitions is required 
however, in view of the nomenclature adopted for the refractive index. 
Thus
= cos 1 (n /n ) , (2.1)c s r
V = (2tt/A)p(n£ - n 2s)1/2 (2.2a)
= (2tt/A) p n s i n 0  r c (2.2b)
In this chapter we consider only the bound modes of the 
receptor, ignoring any contribution by the radiation fields to power 
absorption (see Chapter 2). In most cases involving low V receptors 
this will introduce only small errors [6]. Some of the power in these 
bound modes propagates outside the receptor itself: we recall that
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mode p has a fraction r] (2.2.12) of its power inside the receptor and
that r| is a function of A. The response of the visual system in
Figure 6.3 depends on the absorption of light by molecules within
the photoreceptor, and so, must depend on waveguide effects through
rip. This can also influence the spectral sensitivity of the
system [7]. It is these waveguide effects which we wish to isolate here.
If power Pp is launched in mode p, in a receptor of length £, 
the power absorbed from that mode is [8]
P = P (l-e a n p £ ) , (2.3a)ab p ^ }
where a is the absorption coefficient of the receptor material. For 
■( a r| £) not too large, we have
P , « P n a £ ab p p
= (a£) x (power inside receptor). (2.3b)
In the following analysis we calculate only the power inside the 
receptor since this is approximately proportional to the absorbed 
power, and avoids the need to specify a£. The waveguide dependence of 
the visual response is thus highlighted, since any spectral 
characteristics of the absorbing material are removed.
6.2.1 System parameter values
In this section we specify the numerical values of the 
parameters of Figure 6.3. These will be used in all cases, except 
where one aspect is being varied in order to ascertain its influence 
on the performance of the whole system. The exact values chosen are 
not crucial, but are based on measurements taken for the fly, and 
define the regimes of interest in vision studies.
The refractive indices are:
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incidence medium, n_^  = 1.348 (2.4a)
receptor, n^ = 1.37 (2.4b)
receptor surround, ng = 1.341 (2.4c)
This determines the critical angle 0^ (2.1) as
9 = 0.2047 = 11.81°c ’ (2.5)
and the waveguide parameter V (2.2) as
V = 1.762 p/A (2.6)
where p is the receptor radius. We choose p values appropriate to 
the two receptor types present in each ommatidium of the fly eye. 
These receptor types are designated 1-6 and 7-8, as shown in 
Figures 6.1 and 6.2. Thus we have
receptors 1-6: p = p^  ^= 1 ym , (2.,7a)
receptors 7-8: p = P-, o =0.5 ym ./—o (2,,7b)
We study the wavelength range 300 nm<A<600 nm, so that
receptors 1-6: 2.94<Vn .<5.88 1-6 (2.8a)
receptors 7-8: 1.47 < V 0 <  2.94 /—8 (2.8b)
Thus the receptors support only a few modes, and in fact, receptors 
7-8 are single moded for X^365 nm.
The lens parameters are again based roughly on the fly with
lens radius, a = 13 ym (2.9a)
focal length, f = 50 ym (2.9b)
the lens angle 0 (5.1.1) is
1j
0 = 0.26 = 14.57°l_i (2.10)
Finally, the Airy disc radius r^ (5.1.2) for the chosen wavelength 
range is
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0.52 ym<r^^l.04 ym ,
which is of the same order as the receptor radius (2.7).
(2.11)
6.3 SENSITIVITY TO LENS PARAMETER VARIATION
Our first investigation of the effect on receptor 
excitation of variations in the system parameters, concerns changes 
in the lens focal length f, or the lens angle 0 . We assume thati-i
the incident beam is on-axis as shown in Figure 6.3.
We recall from section 5.3.3 of the previous chapter, that 
the geometric optics analysis of this situation (variations in 0 ) 
gives P, the power launched inside the receptor as
P/P. = 1  m e
tan20 ._______ 1C
tan20
0T <0.L lc
0 > 0.L lc
(3.1)
where 0^^ is the receptor critical angle projected into the incidence 
medium (5.3.5), and P_^  is the power incident on the fibre entrance 
plane. We have seen from (2.11) however, that for the parameter 
values chosen, the Airy disc may be as large as the receptor itself.
In addition, increasing the focal length f (or decreasing 0 ) will 
cause the Airy disc radius r to increase (5.1.2), and may result in
Pi.
the focal plane field extending for a large distance beyond the 
receptor boundary. Thus, much of the incident power P , is 
unlikely to be captured by the receptor and the simple result in (3.1) 
will no longer hold. The power P £, incident on the face of the 
receptor itself (i.e. the region r < p) is [9]
1 - J^(3.83p/rA) - (3.83p/rA) (3.2)
where the J ’s are Bessel functions. These two approximate formulae 
(3.1 and 3.2) are plotted in Figure 6.4 for a type 1-6 receptor.
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Figure 6.4 Power launched inside a photoreceptor of type 1-6 as a 
function of the lens focal length f or half-angle 0 . P  ^is 
the power incident on the receptor face itself and the 
geometric optics result is also shown. P is the total 
power incident on the focal plane, and the refractive index 
values are given in section 6.2.1.
Also shown are the corresponding results, calculated from 
the full electromagnetic theory of section 5.2 in the previous 
chapter (see equation (5.2.10)). Plotted for A=300, 500, 600 nm is 
the power, P, launched inside the receptor:
s p n 
p p p (3.3)
where the summation is over the propagating bound modes excited with 
power Pp. We see that as f is increased, the receptor initially 
collects more power, as predicted by the geometric optics theory.
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For still larger f values however, the diffraction effects in the lens 
become dominant, and the power begins to decrease again.
From Figure 6.4 we can see that the two approaches which are 
commonly used to predict power capture - geometric optics, and the 
power distribution in the Airy pattern - can give qualitative 
information when used in the appropriate parameter regions. The 
approach of Chapter 5 however, which is based on the electromagnetic 
field produced by the lens, contains both the directional information 
of geometric optics, and the diffraction effects caused by the finite 
lens aperture.
The results of Figure 6.4 indicate that for good power 
collection, f should be large enough to make 0^< 9^c, and to produce 
an Airy disc radius slightly larger than p. This is because the 
modal fields extend beyond the receptor boundary, and so to obtain 
maximum launching efficiency, the incident field must be significant 
there also. Therefore, concentrating all of the incident power within 
the receptor boundary does not ensure that it will all be captured. 
Similar results hold for the smaller receptors 7-8, as shown in 
Figure 6.5.
These figures show that the focal length cannot be too 
large or the launched power is reduced. Another important reason for 
keeping f as small as possible involves the angular sensitivity of 
the visual system; if f is large, then small angular shifts in the
incident beam will cause the Airy disc to be displaced from the
receptor entrance - see Figure 6.11. Thus for light collection from 
a reasonable spread of incident directions, f should not be too large. 
This is discussed in detail in section 6.5, where we see that a 
compromise must be made between the minimum intensity tolerable, and 
acuity. The compromise chosen, will of course depend on the 
physiological uses to which that segment of the eye is subjected.
The wavelength dependence of the collected power in both 
receptor types is shown in Figure 6.6. As the wavelength X changes,
both the Airy disc radius r , and the receptor modal fields will
vary. These variations combine to produce the results shown in this 
figure. For the larger receptors (type 1-6), these results show a
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Figure 6.5 As for Figure 6.4 but with a type 7-8 receptor.
kink at A = 460 nm, which corresponds to the addition of an extra 
propagating bound mode as A is decreased through this point 
(V^  g= 3.832 here).
6.4 EFFECT OF DEFOCUSING
In this section we consider the case where the photoreceptor 
entrance face does not lie in the focal plane of the lens. Such a 
case may simply result from a physical displacement of the receptor 
face and focal plane, which we term "geometric defocusing". 
Alternatively, the wavelength-dependent properties of the lens may 
cause the focal length to vary, thus giving rise to defocusing at 
certain wavelengths, i.e. chromatic aberration. We discuss both 
cases below.
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Figure 6.6 Wavelength dependence of the power P, captured in both 
types of receptors. The curves are labelled by the lens focal 
length f. Refractive index values are given in section 6.2.1.
6.4.1 Geometric defocusing
We assume that the receptor entrance lies a distance z from 
the focal plane as shown in Figure 5.1. The power P collected by the 
photoreceptor is shown by the solid curves in Figure 6.7, for both 
receptor types, and the parameter values of section 6.2.1. The 
dashed curves correspond to capped receptors and will be discussed 
in section 6.7.2. These curves have all been calculated using the 
analysis of section 5.2. Thus for a focal length f = 50 ym, Figure 6.7 
indicates that a 10% defocusing causes a power reduction of 25% for 
receptors 1-6, and 50% for receptors 7-8. The wavelength used is 
A =500 nm, and we note that the results are identical for defocusing of 
the same magnitude, but on the other side of the focal plane from 
that shown in Figure 5.1.
Figure 6.8 shows the wavelength dependence of this defocusing 
effect. We see that the greatest power reduction occurs in receptors 
7-8 at low wavelengths. This occurs because the waveguide parameter 
V is largest there, and the modal fields are more tightly bound to 
the receptor. As a result, the receptor is then more sensitive to
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Figure 6.7 Variation in collected power P when the receptor face 
and the focal plane are separated by a distance z (see 
Fig. 5.1). Both receptor types are shown, and the dashed 
curves are for receptors with caps of refractive index 
n^a ^ nr* ^he wavelen8th X = 500 nm.
the spreading of the incident field caused by the defocusing. The 
dashed curves in this figure are for a receptor of type 1-6 that is 
tapered, and will be discussed in section 6.7.1.
6.4.2 Chromatic aberration
We now consider the effects of defocusing caused by
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Figure 6.8 Variation in the wavelength dependence of the collected 
power, caused by the presence of various amounts of defocusing z. 
The dashed curves are for a type 1-6 receptor which is tapered.
chromatic aberration in the lens. This dependence of the focal length 
f on X is caused by variations in the optical properties of the lens 
material with wavelength. We assume that the magnitude of the 
variations in f is given by Figure 6.9 which is based on measurements 
taken by McIntyre for the fly [10]. The zero variation has been 
arbitrarily chosen at A=440 nm, and the absolute focal lengths are 
unknown. We therefore assume that the receptor is positioned at a 
fixed distance of 50 ym from the lens, and that f(A)= 50 ym for 
A = A^ say. For other wavelengths, the variation in f(A) around 
50 ym can then be determined from Figure 6.9.
Figure 6.10 shows the power P collected by the photoreceptor
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Figure 6.9 Change in focal length, Af, resulting from chromatic 
aberration in the lens. The zero has been arbitrarily 
chosen at A = 440 nm. (From McIntyre and Kirschfeld [10]).
when A^ = 331, 440 and 581 nm. Also included are the results for no 
chromatic aberration, i.e. f (A) = constant= 50 ym. We observe that 
the largest variations in P occur at low wavelengths. Also, to 
reduce the effects of chromatic aberration in this region, it is 
best to choose a low value of A^ .
6.5 ANGULAR SENSITIVITY
We turn now to the effect of an angular displacement of the 
incident beam as shown in Figure 6.11. If the beam makes an angle 
with the optical axis of the system, the light is focused at a distance 
d = f(p from the receptor axis, where 6 is small as is the case in 
practice. The power excited inside the receptor is now a function of 
6 and the typical angular sensitivity curve in Figure 6.11 defines 
the half-width Acj).
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Figure 6.10 Wavelength dependence of the power collected by the 
photoreceptor in the presence of chromatic aberration in the 
lens. The curves are for various X^, the wavelength at 
which the receptor is in focus (f= 50 ym). The
behaviour for the case of no chromatic aberration is also 
shown.
6.5.1 Half-width
We begin by fixing the wavelength at X = 500 nm, and 
investigate the change in A(J) caused by varying the focal length.
The launched power is calculated by assuming that the displacement 
of the Airy pattern, d, produces the same effect on receptor 
excitation as the simple lateral displacement of Figure 5.1. For 
the small <j) angles of interest here, this introduces only a slight 
error and the results based on equation (5.2.10) are plotted as the 
solid curves in Figure 6.12. We note that A(J) 'increases as f 
decreases_, and this is largely a geometric phenomenon. As shown in 
Figure 6.11, the half width given by geometric optics is 
A(f) =2p/f, and this curve is plotted for comparison in Figure 6.12.
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Figure 6.11 Misalignment of the incident beam by an angle (p causes 
the focal point to be displaced a distance d from the receptor 
axis. The lower diagram shows a typical angular sensitivity 
' curve, with half-width A(j).
We can see that for receptors 1-6, the geometric optics approximation 
gives accurate results for shorter focal lengths. In this region, the 
Airy disc radius is much smaller than the receptor radius as 
indicated schematically in the lower diagram of Figure 6.12. Thus, 
the focal plane field is reducing to the point assumed by the 
geometric optics theory. For longer focal lengths and the smaller 
receptors (7-8) however, r^ and p are comparable in size and the 
geometric optics approach is inaccurate. Now if r^>>p, as also 
shown schematically in Figure 6.12, the sensitivity of the total 
system is controlled by the angular spread of the Airy field, A({)^.
This is the case for receptors 7-8 at long focal lengths. The 
remaining curves in this figure correspond to other approximate,
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Figure 6.12 Variation with focal length of the half-width of the
angular sensitivity curve, A(j). The solid curves are calculated
using the full electromagnetic theory, and approximations based
on geometric optics (GO), and Gaussian fields (A1,A2), give the
dashed curves (see section 6.8). Also shown are the relative
sizes of the Airy pattern and receptor, that correspond to
these approximations. Acf» is the angular half-width of the
Airy pattern, while A(f) =2p/f.uu
analytical approaches and will be discussed in section 6.8.
We recall from section 6.3 that reducing f also reduces 
the absolute amount of power captured by the receptor, so that for 
maximum response to an extended source, a compromise must be made 
between high A(j) and absolute acceptance. Figures 6.4 and 6.5 also 
indicate that for large f the captured power again decreases. Thus 
there is a limit to how much f can be increased to obtain a high 
acuity system.
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The i n f l u e n c e  o f  w a v e le n g th  on a n g u l a r  s e n s i t i v i t y  i s  shown 
i n  F i g u r e  6 . 1 3 ,  where  A({> i s  p l o t t e d  as  a f u n c t i o n  o f  X f o r  f  = 50 ym.
\ -  exact
X (nm)
F i g u r e  6 .1 3  Waveleng th  dependence o f  t h e  a n g u l a r  s e n s i t i v i t y  h a l f ­
w i d t h  A(f) f o r  f  = 50 ym. The s o l i d  c u r v e s  a r e  e x a c t ,  a s  i s  t h e  
r e s u l t  f o r  t h e  t a p e r e d  1-6 r e c e p t o r  ( s e c t i o n  6 . 7 . 1 ) .  The 
r e m a i n i n g  c u r v e s  a r e  f o r  a p p r o x i m a t i o n s  d i s c u s s e d  i n  s e c t i o n  
6 . 8 ,  w h i l e  A(J)  ^ i s  t h e  A i ry  p a t t e r n  h a l f - w i d t h .
The e x a c t  c u r v e s  f o r  r e c e p t o r s  1-6 e x h i b i t  bumps where mode c u t o f f s  and 
r e s o n a n c e s  o c c u r ,  b u t  t h e  o v e r a l l  t r e n d  i s  t h a t  Acf)^  ^ is  not strongly 
dependent on wavelength. The l e n s  and r e c e p t o r  p r o p e r t i e s  b o t h  change  
w i t h  X i n  such  a way t h a t  Acf) f l u c t u a t e s  a b o u t  2 .34°  by l e s s  t h a n  8% 
f o r  300 nm< X< 600 nm.
For  r e c e p t o r s  o f  t y p e  7 - 8 ,  t h e  v a l u e s  o f  A(J) a r e  s m a l l e r  and 
t h e r e  i s  a more marked w a v e len g th  de p e n d en c e :  when t h e  r e c e p t o r  i s
s i n g l e  moded (365 nm< X< 600 nm), AcJ) v a r i e s  f rom 0 .8 °  t o  1 . 1 6 ° ,  an
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increase of 62%. Below 365 nm, the second mode propagates and A0 
again increases. Note that the wavelength behaviour of A(j) for these 
receptors is similar to that of A(J)^, the angular half-width of the 
Airy pattern.
The remaining curves on Figure 6.13 will be discussed later.
6.5.2 Shape
The results of the previous section have shown that the half­
width of the angular sensitivity curve is determined roughly by 
geometrical factors or Airy disc angular sizes. Waveguide effects do 
not make drastic changes to these results. However, waveguide effects 
can be very important in determining the actual shape of the 
angular sensitivity curve. In this section we consider an extreme case 
in which the curve no longer retains the bell shape of Figure 6.11.
Figure 6.14 shows the angular sensitivity curves for the 
two receptor types at a wavelength of 500 nm. Angular sensitivity 
curves are often assumed to be Gaussian in shape, and the curve for 
receptor 7-8 is indeed very close to Gaussian. However, receptors 
1-6 exhibit a pronounced hump in their sensitivity curve, and this is 
a strong waveguide effect. At this wavelength, the and as
well as the fundamental mode can propagate in the 1-6 receptor 
(see Chapter 2). As the focal length f is decreased, the Airy disc 
is reduced in size, and when offset from the receptor axis by a non­
zero incidence angle (j), eventually becomes optimized for exciting 
the fields of the 2,1 modes which have their maxima off-axis [7].
Thus the receptor becomes optimally excited by an off-axis beam.
It should be pointed out that the off-axis maximum in the 
angular sensitivity curve cannot occur in a receptor supporting only 
one mode (e.g. 7-8 for A> 365 nm). Also, the system parameters must 
be just right for resonance excitation. For example, the widening 
of the Airy pattern associated with an increase in the lens focal length 
removes the resonance effect in receptors 1-6 (see f = 70 ym in 
Figure 6.14). Furthermore, the effect may be diminished by
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Figure 6.14 Angular sensitivity of both receptor types for 
A = 500 nm. The curves are for various focal lengths f 
as shown.
modification of the receptor geometry (see section 6.7), or by an 
incident beam containing several input directions. This will always 
occur to some extent in practice, and the degree to which the off- 
axis maximum in the sensitivity curve is "smeared out" will depend 
on just how unidirectional the input beam is.
6.6 ABSOLUTE SENSITIVITY
In section 6.3 we have seen the effect of varying the focal 
length f, on the power excited in the receptor by an on-axis incident 
beam. Also, the previous section investigated the variation of this 
power with incident angle cf>, and showed the competing effects of high
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acuity, and power capture as the focal length changed. Clearly the 
focal length remains a design parameter which can be chosen to 
optimize these (and other) aspects of the visual system. We now 
briefly consider the absolute sensitivity of the lens-photoreceptor 
system to a uniform extended source. This is of course an important 
quantity in the vision process; a receptor which collects light from 
a very narrow angular range is of limited use if the absolute amount 
of light involved is too small. Since many receptors are based on 
the rhodopsin-metarhodopsin absorption process [11], it is also 
important that sufficient light is gathered to drive the molecular 
processes involved.
In order to gain an insight into the various interacting 
effects, we begin by applying the simple geometric optics theory. 
For a given focal length f, the absolute power P , excited in the 
receptor by this extended source is given by the integral over all 
incident directions (j), weighted by the angular response of the 
system. Thus, for small (f),
Pabs(f) inc
ic
Q((j)) 6 d 4> (6.1)
where P^nc the (constant) power incident from all directions, and the 
angular response can be calculated in terms of the previously 
discussed focal length and angular sensitivity analyses. Thus,
Q(4>) p(d>) P(f) P » = 0 )  P,„„ (6.2)
in which P(f) is the power accepted from an on-axis beam for a given 
f. We recall from Figure 6.11 that from the geometric optics view­
point, the angular sensitivity term in (6.2) is given by
P (40 /P (0) = 1  4> < P/f
= 0 (j) > p/f
Now since > p/f we may rewrite (6.1) as
(6.3)
1006. 7
Pabs(f) ■ P.me
fP(f)l
■Pinc'
rp/f
4> d<f>
0
(6.Aa)
rP.me
P2
f2 ’ 9L < e ic (6.Ab)
= '
P.me
0? f2
pr > eL > e ic (6.Ac)2 X a
where we have substituted (3.1) for P(f)/P. . This equation isme
plotted as the dashed curve in Figure 6.15 where P has been
normalized by its value when f = 30 ym. We see from this curve that
for small f (large 0_) the f dependence cancels and P . is constant,L abs
while for larger f t*ie decrease an ^  is dominant and
causes P , to reduce, abs
The full wave theory corrects this simple geometric optics 
approach, and the results for both receptor types are also shown in 
Figure 6.15. The trend is roughly in agreement with geometric optics, 
but the effects of wavelength and receptor size are also present. In 
terms of absolute sensitivities, the value of f does not appear to be 
crucial according to Figure 6.15.
6.7 VARIATIONS IN RECEPTOR GEOMETRY
In the previous sections of this chapter, we have considered 
the photoreceptors as uniform cylinders. We now allow two variations 
which are both modelled on fly receptors: in the first, the receptor
is tapered, i.e. the radius p decreases with length; and in the 
second case, an initial section or cap on the receptor has a 
refractive index differing from that of the main receptor body (see 
Figure 6.1). While these variations may be significant in terms of 
pigment volume reduction or mechanical stability for example, we 
concentrate here on only the optical effects.
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Figure 6.15 Absolute power P ^ g  launched in the receptor by a uniform 
intensity, extended source. X =500 nm.
6.7.1 The tapered receptor
In a tapered receptor the waveguide parameter V varies along 
the receptor, and so any mode that has been launched, will change its 
form as it propagates. We consider receptors where the radius (and 
therefore V) decreases from the entrance face. Thus the fraction of 
mode power within the receptor, Tl , also decreases and some modes may 
cease to be bound, and radiate away. Therefore, equation (2.3a) for 
the power absorbed from a mode in a receptor of length £ will, 
when tapering is present, become [12]
Pab P (1 - exp[-a P
r £
n (z)dz]) , (7.1)
where z measures the axial distance along the receptor. We assume a 
linear taper and are then able to introduce an average rj , [12]
nav
1
£
f£
T) (z)dzJ Po
(7.2a)
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n (v)dvp
Vo
(7.2b)
where V\ , Vq are the values of V at the input and output (entrance and
exit) faces of the receptor respectively. If Vq is less than , the
cutoff value for the mode in question (see Chapter 2), we replace Vq
by V in (7.2b). The absorbed power is then co
P = P (1 - e " anav£) (7.3)ab p
which has the same form as (2.3a). Again using the fly as a model [7], 
we consider receptor type 1-6 with a taper from p = 1 jim at the entrance 
to p= 0.5 ym at the end. The linear shape is not an exact fit to the 
fly data, but is convenient for calculations and serves to illustrate 
the basic optical properties of tapers.
Since n < r\ , the results for a tapered receptor show a av p
reduction in power captured. The curves for P/P^ as a function of f 
and defocusing distance z, with a tapered receptor, retain the shape 
of those in Figures 6.4 and 6.7, but are smaller overall by about 10%. 
For a fixed focal length, the effect of tapering on the wavelength 
dependence of P is shown in Figure 6.8. The resultant power reduction 
is also wavelength dependent since r| varies with A, particularly for 
modes which are not far from cutoff. This latter fact is responsible 
for the smoothing of the curves in Figure 6.8, and is especially 
noticeable in the several mode region (A < 460 nm).
A similar effect occurs when chromatic aberration in the lens 
is considered, as shown in Figure 6.16. By comparison with the results 
for non-tapered receptors (Figure 6.10) we can see that the taper tends 
to reduce strong modal effects.
The elimination of strong modal effects and resonances is also 
evident when the angular sensitivity of tapered receptors is considered. 
The higher order modes are those nearest to cutoff, and therefore have 
riav differing greatly fromri^. Also, these are the modes which the 
tapered receptor may not be able to guide along its whole length. Thus, 
these modes contribute less to the power inside the waveguide when it is 
tapered. These are also the modes excited by an off-axis beam (section
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Figure 6.16 As for Figure 6.10 but with a tapered receptor 1-6.
6.5.2) and we therefore expect reduced power capture from an off-axis 
beam, and a reduction of Ac}) for the tapered receptor. The plot of Ac}) 
in Figure 6.17 shows that tapering the receptor does indeed reduce Ac}) 
by about 15-20%. Also, the modal resonance effect is less effective 
for tapered receptors as is evident when comparing the shapes of the 
angular sensitivity curves in Figures 6.14 and 6.18. Finally, the 
wavelength dependence of Ac}) in a tapered receptor is shown in 
Figure 6.13, and again, we see that Ac}) is reduced from the uniform 
receptor case, and that the modal resonance effects are removed.
Thus from an optical viewpoint, the taper serves to reduce 
the effects due to small numbers of modes with rapidly varying 
behaviour, and hence smooth response curves such as those of 
Figure 6.8.
6.7.2 The capped receptor
We now assume that the system is as in Figure 6.3, with
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Figure 6.17 Focal length dependence of the angular sensitivity 
half-width A(j) in type 1-6 receptors. The solid curve is for 
the uniform receptor of section 6.5, while the remaining 
curves show the effect of introducing tapering and a cap.
the exception that an initial short (few micron) section of the
receptor has refractive index nc instead of n^ (see Figure 6.1).
The two questions that then arise concern the effects of varying
n -n. in relation to n -n., and n -n to n - n . cap l r l cap s r s
The calculations of this chapter assume that a negligible
amount of light is reflected from the receptor entrance face (see
section 2.3). This approach is not exact, but an appreciation of the
reflection effects can be gained by applying the Fresnel laws for
reflections at uniform planar boundaries [13]. This is a reasonable
approach since n % n  . Since n.«n , the reflection laws indicate that r s l r
only very small amounts of light are reflected. For a normally 
incident plane wave with n^ /n_^  = 1.0163, (2.4), only 0.007% of the 
incident power is reflected. Even increasing n^ to 1.5 (n^/np=1.13) 
leads to only 0.29% reflected power. A smooth refractive index
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Figure 6.18 As in Figure 6.14 but for a tapered 1-6 receptor.
transition at the boundary reduces these figures even further. Thus, 
we conclude that the receptor cap is not important in minimizing 
reflected light.
The waveguide parameter V is very sensitive to small 
changes in n^. - n . For example, changing n^ from 1.37 by ±1% changes 
V by +21% and -27%. Therefore, changing n^_ to n^ may significantly 
alter the waveguiding aspects of the system. The cap will control 
the total power initially launched in each bound mode, while the 
remainder of the receptor will change the modal power distribution, 
i.e. ri , as the mode propagates into it. (This is not an exact 
analysis of the situation, but is quite accurate in these circumstances. 
A similar approach has been used for tapered foveal cones [14]).
To demonstrate this point further we consider the variation
in the width of the HEn1 modal field as a function of n . I n11 cap
Figure 6.19 we plot r^^» t i^e radius at which this modal field drops
to half its maximum amplitude, as a function of n . W e  can see thatcap
increasing n reduces the field width which in turn, causes the cap
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Figure 6.19 Radius at which the HE^p modal field drops to half its 
on-axis magnitude, as a function of the cap refractive index. 
The receptor is type 1-6 and X = 500 nm.
receptor to be more responsive to input spots of reducing size.
We now consider the full lens excitation problem and calculate
the power in the receptor by finding the modal powers excited in the
cap, but using the 0^ of the receptor itself, to find the fraction of
that power which is within the receptor. For the parameter values of
section 6.2.1, the effect of n£ on the power capture from an on-
axis incident beam is shown in Figure 6.20. These curves indicate
that power collection is enhanced by making n^^^> n^_ = 1.37. We once
again note the smoothing effect of a tapered receptor. The trends
are unchanged when some degree of defocusing is allowed, as shown in
Figure 6.7. Thus the choice of n does not appear to help incap
minimizing the power reduction due to defocusing. Neither does it 
seem to help in controlling the effects of chromatic aberration, 
since the main feature of the curves in Figure 6.21 is a simple scaling. 
We have seen that increasing n^ , and thus V, results in more tightly 
bound modal fields. This means that the modes are less susceptible to
excitation by far off-axis spots, and we deduce that the angular 
half-width A(j) will be reduce 
is confirmed in Figure 6.17.
d d if n becomes greater than n . Thiscap r
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Figure 6.20 Dependence of the power inside the receptor on the 
refractive index of the cap. The dashed curves are for a 
tapered 1-6 receptor.
Thus we see that the receptor cap may be used to control 
the modal field widths, and thus increase power collection. That 
is, increasing nc introduces a type of funnel or cone effect. 
Changing n^ by ~1% to can cause power collection changes of
around 10% according to Figure 6.20. However, the overall trends 
of the response curves do not change dramatically as varies,
and it may be that the principal role of caps in the real system, 
is structural rather than optical in nature.
6.8 APPROXIMATE ANALYSES
In various sections of this chapter we have been able to 
identify the parameter regions in which the simplest theory of light 
propagation, geometric optics, can be used to indicate general trends,
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Figure 6.21 Power inside a capped receptor when the lens exhibits
chromatic aberration (X^= 331 nm). The type 1-6 receptors are
tapered, and the curves are for different n as shown.cap
e.g. Figure 6.4. As an alternative to using geometric optics, we may 
simplify the power calculations in this optical system by adopting 
an approach in which the full electromagnetic formalism is retained, 
but the field expressions involved are replaced by similar, but more 
easily manipulated, functions. This is the basis of the 
approximations introduced by Snyder [15] and we will now examine the 
accuracy of this approach.
These approximations are designed specifically to deal with 
the angular sensitivity calculations. As in section 5.5.3, Snyder 
represents the Airy field, and the summed modal or receptor response 
by Gaussian functions, and convolves the two to obtain the angular 
sensitivity half-width as [15]
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(Ac}))2 = (Acj)£ ) 2 +  (Acf)r ) 2 . (8.1)
The half-width of the Gaussian approximating the lens function is
A(J)£ = A/2a , (8.2)
and the receptor half-width for type 1-6 is
Ac{)r = 2p/f . (8.3)
The accuracy of (8.1) for a type 1-6 receptor can be judged from 
Figures 6.12 and 6.13 where it is represented by the curves 
labelled Al. In general, the trends are correct and the error is 
only a few percent.
When the receptor is single-moded (e.g. type 7-8, A> 365 nm) 
a Gaussian function is used to approximate the fundamental mode and 
[16]
Ad)r = 0.933(j)e1/V . (8.4)
The results based on this equation are labelled A2 in Figures 6.12 
and 6.13. The approximation becomes more accurate for longer wave­
lengths (Figure 6.12), the error being 24% at f= 30 ym and 2% at 
f = 100 ym. At f = 50 ym, the error of 16% is maintained over the 
wavelength range where the receptor is single-moded.
The angular sensitivity curves based on these approximations 
are themselves Gaussian shaped. They are reasonably accurate for the 
type 7-8 receptor, but may be significantly in error for type 1-6, 
as discussed in section 6.5.2.
6.9 CONCLUSION
This chapter has given an indication of the manner in which 
various optical parameters of the lens-photoreceptor system can 
interact to affect the power absorbed by the photopigment. However, 
the above discussions have omitted several aspects of the actual
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system. We conclude by giving two examples of problems that indicate 
possible extensions in the application of waveguide theory to photo­
receptors .
We have seen that the waveguide fields extend into the
medium surrounding the photoreceptor. If this medium is absorbing,
then the field is reduced and light may be taken from inside the
receptor. The medium outside the receptor effects the waveguide
parameter V via ng, and so changes to ng affect receptor response.
In some visual systems, pigment granules move around outside the
receptor according to the intensity of the incident light (see
Figure 6.1). These granules are absorbing and can change ng, so
that the receptor response changes dynamically in accordance with
variations in n . This effect may be described on the basis of s
the ideas presented in this chapter.
Also, the fields will overlap into neighbouring receptors, 
and this leads to power coupling or exchange between receptors [17]. 
This is a further waveguide effect which will modify photoreceptor 
response.
Ill
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CHAPTER 7
PROPAGATION EFFECTS IN CIRCULARLY SYMMETRIC 
FIBRES - I: THEORY
7.1 INTRODUCTION
The preceding chapters have been devoted to a detailed study 
of various excitation processes in optical fibres. However, the prime 
application of optical fibre technology is the transmission of 
information, and so we are also vitally concerned with describing the 
propagation of the launched power down the fibre. In a practical fibre, 
the effects of material absorption, variations in cross-section and 
refractive index profile, bends, scattering and radiation all contribute 
to the attenuation of this propagating power. Also of fundamental 
interest is the dispersion of pulses as they travel down the fibre, 
which is predominantly due in multimode fibres, to the different transit 
times of the various modes over a given axial distance. We will not 
consider all these effects in this thesis, but concentrate on a 
quantitative study of the effects of pulse dispersion, tunnelling 
attenuation, and absorbing cladding material for the excitation conditions 
described in previous chapters.
This chapter describes the basic formalism of these 
propagation effects. We discuss the causes of pulse dispersion from 
both the ray and mode viewpoints and describe the procedure for 
determining the shape of the impulse response. The analysis of power 
attenuation in multimode fibres due to tunnelling and cladding absorption, 
is developed from the concept of a power transmission coefficient 
describing the reflection process at the outer caustics of the 
propagating rays. We also include a generalized parameter description 
of tunnelling ray attenuation which greatly simplifies the calculation 
of power and impulse response curves which include the contribution of 
tunnelling rays.
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The contents of this chapter are, in the main, a review of 
previous work. Our aim is to present the theory of these effects within 
the framework adopted in previous chapters, thus preparing the reader 
for the quantitative analyses of the next chapter. However, we do 
present some new results here; in particular, the identification of 
those rays with high cladding attenuation coefficients (section 7.3.3).
7.2 PULSE DISPERSION
We turn now to the time behaviour of the power propagating 
away from the fibre entrance plane at z=0. We begin by determining the 
time taken for the power in any particular mode or ray to travel a 
distance z down the fibre, and then find the impulse response by 
considering the initial power distribution launched by the source to be 
a delta function in time.
The power launched in a delta function pulse will, as it 
propagates down the fibre, disperse over a finite time interval. This 
pulse distortion is due to several effects:
(i) material dispersion, which is caused by the variation 
of the fibre refractive index with the frequency 
components of both the source and the input 
signal itself;
(ii) waveguide dispersion, which exists even in fibres 
of ideal (non-dispersive) materials and is 
composed of
(a) intermodal dispersion, due to the different
propagation or group velocities of the 
modes or rays carrying the signal, and
(b) intramodal dispersion, due to the frequency
dependence of the group velocity of each 
individual mode.
We will consider each of these effects in turn.
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7.2.1 Intermodal dispersion
By far the most dispersive effect in multimode fibres is the 
range of group velocities of the modes or rays that are excited by 
practical sources. We first investigate this phenomenon in terms of 
the ray formalism of Chapter 3, and then give the corresponding modal 
analysis.
We consider a multimode graded index fibre of refractive 
index n(r), and note that the component of a ray's velocity in the 
z-direction at any point on the ray path is
v = [c/n(r)] cos 0(r) (2.1a) z
= c§/n2(r) (2.1b)
where c is the speed of light in vacuum, 0 is the ray angle of Figure 3.2, 
and 0 is the ray path invariant (3.2.2). This velocity varies along the 
ray path and so T, the time taken to traverse an axial distance z, is
T
-Z
n2(r)dz 
o
(2.2a)
(2.2b)
where the integration is carried out along the ray path. Although the 
second ray invariant Z does not appear explicitly in (2.2b), the 
transit time for a general axially symmetric profile depends on both 
invariants through the implicit relationship between r and z along 
the ray path, as in equation (3.2.6).
The ultimate goal of profile design would be to remove the 
effect of intermodal dispersion by choosing a refractive index profile 
n(r) such that the transit time of (2.2) would be independent of both 
ray path invariants 3 and Z. Unfortunately, there is no profile for 
which this condition is true. However, we can equalize the transit 
times of all meridional and skew rays with the same 3, by using the 
power law profile of equation (3.2.5) [1-3]. In this case we can 
evaluate the integral of equation (2.2b) over one period of the ray
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path, Zp (Figure 3.2), and then approximate the required distance z by 
a multiple of z^. The error in this procedure is negligible when 
z »  z . Details of this calculation are given in Reference [2], and we 
simply quote the final expression for the transit time in a power law 
profiled fibre:
T(3) c(2+q) 23+ q
n 2>o
3 .
(2.3)
where q is the profile grading parameter and n^ the on-axis refractive
index. The transit time has a minimum when 3 = 3 wherem
ßm = no (q/2) h ( 2 . It)
Now 3m may or may not lie between nQ and n ^ depending on the value of
q, and so, to determine the dispersion of a pulse when only the bound
rays are propagating, we need to compare the transit time of rays with
3 = n , n , and 3 . From this comparison we can determine the bound o cl m
ray pulse width T at a distance z down the fibre:
T (n ,) - T (n ) cl o > 2 (2.5a)
min
T(n ) - t (3_)cl m
T(n ) - t (3 )o m
cl
^no'
<  q <  2 , (2.5b)
x(n ) - T(n , )o cl 0 <  q <  2
cl (2.5c)
When T (nQ) = T(n ^), t i^e bound raY pulse width T is a minimum. This occurs
when q = q , where o
q = 2 n /n o cl o (2.6)
Further details of the q dependence of the pulse width T are given in 
Reference [2],
The analysis of the excitation of graded index fibres by a 
collimated beam (section 4.3), has shown that most practical sources 
will launch tunnelling rays in these fibres. We therefore need to
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consider these tunnelling rays when we examine the pulse propagation 
characteristics. The transit time formula (2.3) is valid for all 
propagating rays, but when tunnelling rays are included, the 3 range 
will be greater than that considered in equations (2.5), (see 
Figure 3.5). Now the attenuation of the tunnelling ray power as it 
propagates within the fibre, will mean that as we consider increasing 
lengths of fibre, a greater percentage of the tunnelling rays will be 
carrying negligible power. Thus, the effective pulse width will 
eventually approach the bound ray result of equation (2.5). Tunnelling 
ray effects are most easily incorporated in these pulse calculations by 
using the generalized parameter description which we discuss in 
section 7.3.2, and detailed results for collimated beam excitation are 
given in the next chapter. Also, an extensive study [4], based on a 
Lambertian source, has shown that with the exception of small lengths of 
fibre, the inclusion of tunnelling rays usually requires only a small 
adjustment to the bound ray formulas for pulse width T (2.5), and 
optimum profile grading qQ (2.6).
In a multimode step index fibre, we can immediately see from 
(2.1) and (2.2) that the transit time has the simple form
n n2
T = z ---^ 7T- = Z-S2- . (2.7)c3
sider the propagation of
T becomes
c cos 0 z
z nCO r 1
c cos 0  ^ c
z nCO rnCO ^
c k i
- 1 (2.8a)
(2.8b)
The above results are based on the geometric optics description 
of light propagation in fibre. If instead, we are using the electro­
magnetic modes of the fibre, the average speed of propagation of the 
power in the p th mode is given by its group velocity v , defined by
do) (2.9)
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where w and ß^ are defined in (2.2.2). 
is then
The transit time for the mode
T = z/v = (z/c)dß /dk , (2.10)g P
where k= 2tt/A= w /c . In a step index fibre, the definition of the 
eigenvalue U (2.2.6a) enables us to evaluate dß^/dk to obtain [5,6]
zn [1- (sin 0 U/V)2(l-£ 1) ]
T (U) — ---— --------- - -------- r----- , (2.11a)
C [1 - (sin 0 U/V)2]'2C
where E, is defined in (2.2.10). For large V, E, approaches unity and 
we then have
z n
x(U) S B ---- --------------------------- r—  > v ' * ° °  . (2.11b)
c [1 - (sin 0 U/V) 2 n  c
This is the same as the geometric optics result (2.7) if rewritten in 
terms of the mode angle 0^ (see equation 5.3.3).
7.2.2 Intramodal dispersion
In single mode fibres, the source of pulse spreading that is
due simply to waveguide effects is known as intramodal dispersion. We
have seen in the preceding section that the power propagating in a mode
travels at the group velocity v (2.9), which is itself a function ofg
frequency. Thus a spread of frequencies Aw, originating from the finite
spectral width of most practical sources or the component frequencies of
the transmitted signal itself, will cause a finite spread Av in the
&
group velocities with which the power propagates, where for small 
frequency spreads,
dv
Av = Aw . (2.12)g dw
This spread of group velocities will of course result in the dispersion 
of the propagating power over a finite time interval.
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In the step index fibre the frequency dependence, or 
equivalently the V dependence, of the transit time T, equation (2.11a), 
is contained in the terms involving U, V and Differentiating this 
expression with respect to V enables us to calculate T, the pulse 
dispersion for an individual mode, caused by a small range of 
propagating frequencies Aw:
n sin 9 ,co c dl Aw (2.13)
For each mode in the step index fibre, there is a value of V at which 
dT/dV=0; for the HE.^ mode this occurs at V«2.9. We can see from 
(2.13) that at that V, the dispersion of the power propagating in the 
mode will be zero.
When there are a significant number of modes propagating in 
the fibre the pulse spreading due to intramodal dispersion will be 
negligible compared to that caused by the varying modal transit times 
as discussed in section 7.2.1. Even in practical single mode fibres, 
the intramodal dispersion is usually dominated by the effects of 
material dispersion [7] which we shall now discuss.
7.2.3 Material dispersion
The remaining source of pulse dispersion in optical waveguides 
is due to the variation with wavelength of the refractive index of the 
constituent glasses. We will now investigate the inclusion of this 
dispersive effect in the determination of transit times.
We have seen that the modal analysis of pulse dispersion is 
based on the group velocity of the mode v (2.9). It is now a simple 
matter to include the material dispersion effects in this analysis by 
recognizing that the refractive index is a function of frequency, 
n(w), when performing the differentiation dß^/dw to determine this group 
velocity. Details of this calculation in fibres of small refractive 
index difference can be found in Reference [7].
When deriving the geometric optics formula for the ray transit 
time (2.3), we used the component of the ray's velocity in the z 
direction, v . In a dispersive medium, this velocity must be replaced
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by the axial component of the group velocity of a plane-wave travelling 
along this ray direction. Thus, we now have in place of (2.1a),
v = (c . cos 0) / (n + 0) 3^ -) . (2.14)z do)
We will assume that the material dispersion is linear [8], i.e. that 
n depends on 03 only through n^ the on-axis refractive index, and A the 
index difference between axis and cladding. Thus the refractive index 
distribution in the core can be written
n2 (r,03) = n 2(o)) fl - 2A(oo) f (r/p)) . (2.15)CO o v J
If the grading function f(r/p) varies with 0), the material dispersion 
is termed nonlinear and has the ability to either increase or decrease 
the pulse broadening [9].
If we consider the linear case (2.15), the derivation of 
the transit time in a power law profiled fibre t (3), see section 7.2.1, 
can be repeated using the of (2.14). This gives [2]
t (§) = f(A§+®)c g' (2.16a)
where
2No (1+ y/4) 
nQ (2+q)
q n2 A N n o o o
2 4
(2.16b)
(2.16c)
These expressions involve the following dispersion parameters: N^,
the group refractive index on-axis,
No no (2.17a)
and y, a measure of the variation in the index difference A,
2n A____o 03 dA
y _ N A du3 o
(2.17b)
A comparison of equations (2.16) and (2.3) shows that the 
inclusion of linear material dispersion does not change the functional
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dependence of T on the ray parameter (3. We can therefore use the above 
techniques to determine the (3 giving a minimum transit time,
3m no
2q ~ Y
 ^4+yJ
%
(2.18)
and the grading parameter that minimizes the bound ray pulse dispersion,
qo (2.19)
Note that these expressions for (3^  and revert to their previous 
forms, (2.4) and (2.6), in the zero material dispersion case (i.e. 
y = 0).
7.2.4 Impulse response
The discussion of pulse dispersion in this chapter has, until 
now, been restricted to determining the overall width of the pulse as 
it propagates within the fibre. We now include the effect of the 
initial power distribution launched in the rays, and discuss the 
formalism for determining the actual shape of the fibre impulse 
response. Knowledge of this pulse shape is very important in the design 
of optical fibre systems, as it allows the specification of a suitable 
equalization stage in the receiver circuits aimed at reducing the 
effects of intersymbol interference.
Since the invariants (3 and £ fully characterize the rays in 
a multimode fibre, we may write the power propagating in a pulse as
P J (£,§) d£ dg (2.20)
where J(£,(3) represents the power distribution launched by the source, 
and the integration limits are determined by the class of rays being 
considered. For example, the limits of equation (3.2.8) would be 
used if we required the bound ray impulse response in a power law 
profiled fibre. Note that the inclusion of tunnelling rays in this 
analysis would require the addition of an attenuation factor in (2.20). 
However, such a factor does not affect any of the following steps in
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determining the pulse shape, and details of this tunnelling ray- 
attenuation are given in section (7.3.1).
When the fibre profile is given by a power law distribution 
we have seen that the transit time depends only on (3. Thus when there 
is a one-to-one relationship between 3 and T, e.g. when q ^ 2  (see 
equation (2.5)), we can use (2.3) to transform (2.20) giving
P J(£,B)d£ dgdx dT (2.21a)
Q(t )dx (2.21b)
where Q(x) is identified as the impulse response. When two values of 
3 correspond to one of T for part of the 3 range, Q(x) is the sum of 
two terms, each having the form indicated in (2.21) [2]. Formally, the 
pulse shape function Q(x) is defined by
dP = Q (x) dx (2.22)
where dP is the power within the time interval X to x+dx.
A modal analysis of the impulse response shape in multimode 
fibres is based on the continuum approximation of the bound mode power 
as developed in equation (5.3.9). In a step index fibre we would 
obtain an integral expression for the total power in terms of the 
eigenvalue U, and then use the x(U) expression (2.11a) to transform to 
the transit time x in the same manner as the 3~*"X transformation of 
(2 . 21) .
When the transit time of a ray depends on both the parameters 
£ and 3 (see section 7.2.1), we must resort to numerical techniques to 
identify all the elements of £,3 space that have the same transit time, 
and to sum the power associated with these elements.
It should be stressed that throughout the preceding discussions 
of pulse dispersion we have assumed that the original power distribution 
launched by the source, e.g. J(£,3) in (2.20), is unchanged as the pulse 
propagates. In practice, slight imperfections in the fibre structure, 
e.g. random kinks in the fibre axis, or roughness at the core-cladding 
interface etc., will cause mode coupling - or, in ray terms, scattering -
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which will tend to redistribute the power as it propagates. In fact, 
these effects cause the gradual establishment of a steady-state power 
distribution among the modes or rays, and may result in the rms pulse 
width changing from a linear dependence on z at short fibre lengths, to 
a / ~z dependence at longer lengths. The study of these mode coupling 
effects is a major area of research in itself (see e.g. [10-14]), and 
we will not include such a study in this thesis. We concentrate 
instead on isolating the individual propagation effects caused by the 
different excitation conditions and material absorption mentioned in 
section (7.1). We note also that improvements in the control of the 
fibre manufacturing process are slowly removing the imperfections in 
structure mentioned above, and may reduce the significance of mode 
coupling effects in the fibres of the future.
7.3 POWER ATTENUATION
The analyses of Chapters 3-5 and the previous section have 
confirmed that many problems of practical interest involving launching 
and propagation on multimode step and graded index fibres, can be 
solved with sufficient accuracy using only classical geometric optics. 
This classical approach must be modified however, when considering 
problems that involve the small evanescent field that extends beyond 
the turning point of a ray path, for example, the attenuation due to 
electromagnetic tunnelling caused by the curvature of the core-cladding 
interface, and the presence of an absorbing material in the cladding.
This section is concerned with the theory of both these 
effects. In fact, our main objective is to parallel the previous work 
involving radiation and absorption losses on step index fibres [15], for 
graded index fibres. We develop the formalism for including these 
effects in the geometric optics approach in this section, and give 
detailed numerical results in the next chapter.
The power P(z) remaining in a ray bundle after travelling an 
axial distance z along the fibre is
P(z) = P(0)exp(-yz/p) , (3.1)
where the attenuation coefficient y has three components,
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y + y , + y ,co cl rad (3.2)
which correspond to absorption by a lossy core material, absorption due 
to the presence of a lossy cladding material, and loss due to the 
radiation of tunnelling ray power. The effect of core absorption in 
graded index fibres has been previously examined in detail [2] and 
so, to isolate the effects of the lossy cladding, we will assume that 
the core is nonabsorbing. This will certainly approximate many 
situations where the cladding material is more lossy than the core, 
since core absorption tends to affect all rays equally. We shall 
consider the remaining two components of y shortly.
Since ß and £ fully describe the rays, we may evaluate the 
power in the bound and tunnelling rays at a distance z from the source 
by writing
P(z) J(J,ß)exp[-Y(J,ß)z/p] d£ dß (3.3)
As in (2.20), the source determines the form of J(£,3) and the 
integration limits are given by the boundaries of the bound and 
tunnelling ray domains (3.2.8) and (3.2.9).
7.3.1 Tunnelling ray attenuation
The general philosophy for calculating the tunnelling ray
attenuation coefficient y ^ is based on defining a transmission
coefficient T as the fraction of power lost by a ray as it passes
through its outer turning point (r=r ) [16]. The tunnelling ray is
only partially reflected at this turning point or caustic [4], and the
resulting outflow of energy is associated with a real propagating field
starting at r = r ^ ^ > p .  The field in the region r < r < rra(^  is
evanescent (see section 3.2.2). Since the ray reaches the outer caustic
at points separated by the characteristic axial distance (Figure 3.2),
the attenuation coefficient y , can be defined as the number (1/z )rad p
of reflections from the outer caustic per unit axial distance, multiplied 
by Trad:
Yrad p T /z rad p (3.4)
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The transmission coefficient T ^ d is found by recognizing the local 
plane-wave nature of the fields associated with the ray in question, and 
using the standard connection formulae of WKB theory to determine the 
field magnitude in the graded index medium. T ^ is then given in terms 
of the integral of the radial component of the wavevector over the 
range rt p < r < rrad. Thus, [16]
T = exp-\ rad
4tt
X
rad
n2 (r) - ß2 - P :“TP
*2
dr
tp
(3.5)
This expression is usually evaluated numerically for each £,ß under 
consideration in (3.3). However, in the power law fibre (3.2.5) an 
approximate form can be obtained by taking rpp% p  [4,17,18]. Then,
Trad Ä  exp' " (2q) VI - (2q) 2 V p cosh 1 (-*=) - (p2 - y) 2 | , (3.6a)
in which we have used
p = (2/q) 2 1/n 6 o c
y - 2(n;i - r )/ q n V
(3.6b)
(3.6c)
The characteristic path length zp required in (3.4) is
defined by
Zp = 2ß I tP|(n2(r) - 62)r2 - «.2p2| 4 dr . (3.7)
rmin
where r . and r are the inner and outer caustics of the ray path m m  tp
(see section 3.2.3). Equation (3.7) is in general quite difficult to 
evaluate, since the integrand is infinite at both limits. However, 
we have already discussed an accurate interpolation scheme in 
Chapter 3 which can be easily used to approximate zp .
In step index fibres T ^ is given by a Generalized Fresnel 
Law approach [19] since WKB techniques cannot be used in fibres with 
rapidly varying profiles. We will not give any details of this 
calculation since our main objective is the investigation of power 
attenuation in multimode graded index fibres.
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7.3.2 Generalized parameter for tunnelling attenuation
The evaluation of equation (3.3) with radiation losses alone
is a difficult task since, as we have seen in section 7.3.1, Y , israd
a complicated function of £ and 3. Furthermore, P(z) now depends on an 
array of fibre parameters: V, 0^ and p in addition to the grading q.
These difficulties are alleviated by using the generalized parameter 
formalism [20], in which the tunnelling rays are divided into two 
domains - in one of these Yracjz/P ^0, while Yracjz/P%0° in the other. 
The great advantage of the formalism is that this division depends on 
one generalized parameter D(q) where, for power law profiles with q 
not too large [20],
with
D(q)
f 0 c z 
TTN(q) p (3.8)
N(q) = 2(l+ (q/2)) 1^q q 2
A similar division exists in the step index fibre where
(3.9)
D(step) = 1/V In [20 (z/p)] (3.10)
Note that D in the range 0 ^D^0.5 is the parameter range of practical 
interest. For example, in a parabolic index fibre (q=2) with V=50,
0 =0.1, p = 80 ]i, we find 100m ^ z 5^  10 km corresponds to 0.211^D^0.304.
In order to calculate the power remaining in the tunnelling
rays after a distance z, P (z) , we could now replace the exp(-y a^z/p)
term in (3.3) say, by unity and integrate only over that £,8 domain
for which y ^z/p«0. Thus
n . £ r clr max
pt(z) J(£,3)d£ d8 (3.11)
\ o w
where the lower limits are now specified by the single generalized
parameter D, and £ is defined in (3.2.10). The calculation of max
tunnelling power is therefore greatly simplified since we no longer 
require the attenuation coefficient Yracj* Furthermore, the important 
tunnelling rays for a given D value have now been identified as those 
with
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^  ^ ^  n c l  ’ (3 .1 2 a )
L lI(D, ß ) < K I  (3) . (3 .1 2 b )LOW max
T hese  r a y  domains a r e  shown g r a p h i c a l l y  i n  F ig u re  7 .1 .  As th e
g e n e r a l i z e d  p a ra m e te r  D i n c r e a s e s ,  th e  £ = £ nTT c u rv e  moves p r o g r e s s i v e l y, LjU w
from  c o in c i d e n c e  w i th  £ = ( n ^  -  ß ) f o r  D = - 00 ( a l l  t u n n e l l i n g  r a y s
Bound
little
attenuation
great
attenuation
T unn.
F ig u r e  7 .1  The £ ,8  domains f o r  a g rad ed  in d e x  f i b r e .  The c u rv e s  a r e  
c o r r e c t  f o r  q = 2 ,  b u t  th e  d iag ram  i s  s c h e m a t i c a l l y  c o r r e c t  f o r  
o t h e r  v a lu e s  o f  q. For a  g iv en  v a lu e  o f  t h e  g e n e r a l i z e d  
p a ra m e te r  D ( 3 . 8 ) ,  th e  t u n n e l l i n g  r a y  domain i s  d i v id e d  i n t o  
two r e g i o n s .  As shown by th e  s h a d in g ,  th e  power in  one o f  t h e s e  
r e g i o n s  has  been  h i g h l y  a t t e n u a t e d  w h i l e  th e  power i n  th e  o t h e r  
i s  o n ly  s l i g h t l y  a t t e n u a t e d .  The d i v i s i o n  i s  s p e c i f i e d  by th e  
c u rv e  £=  £ (D) and i t s  c a l c u l a t i o n  i s  e x p la i n e d  i n  t h e  A ppendix .
The c a s e  shown i s  f o r  D = 0 . 1  and q = 2 .
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present) to finally coincide with the line ß = n ^ when D = 00 (only bound 
rays present). The limits ß and L are obtained by solving theLUW LUW
following nonlinear equation [4,20] which is obtained from the
approximate expression for T ^ (3.6a) [17]:
- (p£ - y)f p b f P b  1In +l/y l y  J 4
H D(q)
(2q)*4
(3.13)
In this equation, y is given by (3.6c), and p^ by (3.6b) when Z =
A detailed description of the procedure for calculating (D,ß)1_jU w
from (3.13) is given in the Appendix or alternatively, simple 
analytical approximations can be found in References [4,20].
Assuming that only tunnelling attenuation is present in the
fibre, we cannot obtain an exact evaluation of (3.3) using the
generalized parameter formalism. However, the accuracy of the
approximation is very good. For example, with a Lambertian source, the
universal power curve of Reference [21] (calculated using the full
attenuation coefficient), was reproduced with an error of order 1 or 2%
for practical values of D [20]. The great merits of this formalism are
that P may be obtained approximately with ease, a multiparameter
problem is reduced to a single parameter problem, and the important
rays which are little attenuated for a given D value are readily
identified by the conditions (3.12). This last point is of great value
when discussing the inclusion of tunnelling rays in pulse dispersion
calculations, since we can consider all the propagating power to be
confined to the parameter range ß ( D ) ^ ß ^ n  , and then determine theLUW O
pulse widths as indicated previously in (2.5). An example of this 
calculation is given in Chapter 8 for the collimated beam source.
7.3.3 Cladding absorption
The remaining component of y (3.2) is the attenuation
coefficient corresponding to power loss to the absorbing cladding. We
analyse this lossy material in terms of the real and imaginary components
r iof its refractive index, n , and n ,. Thus,cl cl
cl
r ln . + l n . cl cl (3.14)
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and the refractive index profile (3.2.4) becomes
n(r) = ncQ(r) , r<p ,
n (0) = n co o
n (p) = nrn , co cl *
(3.15a)
(3.15b)
(3.15c)
and the critical angle is
e cos 1(nr^/n ) cl o (3,15d)
To evaluate the attenuation coefficient we again define 
a transmission coefficient T^p, as the fraction of power lost from a 
ray as it passes through its outer turning point. In this case, the 
power loss is caused by the evanescent field extending beyond the 
turning point into the cladding where it is attenuated by the lossy 
material [22]. We therefore expect cladding losses to be important for 
those rays having r close to the fibre core radius p. Following the 
argument of section 7.3.1, the attenuation coefficient is given by
cl p T /z cl p (3.16)
where is the periodic distance of the ray path (3.7). We evaluate 
the transmission coefficient from the WKB approximation of the local 
electric fields [22]:
i r 
nclncl
■cl |(nr )2_P-F|exp r A' cl
4tt P n2  ^(n2 (r) - $2 - — 2* p2 ) dr
tp (3.17)
It is clear from this equation that the transmission 
coefficient T^p^ for a given ray has a strong dependence on the 
position of the outer caustic (r ) °f that ray as anticipated above.
In fact, as r approaches p, T^p and thus Ycp will increase. Since all 
the rays on a step index fibre have their outer caustics at the core­
cladding interface, we expect them to be more highly attenuated than 
those of the graded index fibre which fail to reach the interface.
This strong dependence on r leads us to examine the contours in £,$ 
space that indicate rays with the same r , in order to gain an 
indication of the £,(3 dependence of Yc *^
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equation
We know from section 3.2.2 that r is a solution of thetp
R2(n2(R) - 32) = l 2 , (3.18)
in which R= r/p. If we plot this equation on a graph with axes p 
and £2, for a given value of R = R c, the contour is a straight line 
with a p intercept of n2(R^)• Several such contours are shown in 
Figure 7.2 for the power law profile on which we shall now concentrate.
Y . = const.
max
Figure 7.2 Contours showing rays with the same outer caustic r in
a power law fibre. Rays to the left of any particular line Fhave
r ^the value of r labelling the line. For example, rays with
^£2,B2 values in the shaded area all have r ^0.8 p. Thetpdashed line shows a contour of constant y the cladding
attenuation coefficient. Rays to the lef£ of this dashed line 
will all have larger values of Yc *^
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These straight line contours are in fact tangent to the curve
^  = ^ max (3.2.10): To the right of this tangent point, the line
represents r =R p, while to the left r . =R p, since both these caustics r tp c m m  c
are solutions of (3.18). Figure 7.2 shows only contours of r however.
tpIt is helpful to identify that region of the ray domain that has r
greater than a given value, pR^ say. Now if Rc >Rq, then
n2(R ) < n2(R ) and we see from the p intercept of the contour c o
r = pR , that a ray with r > pR must have 8 < n(R ). Further study tp c* tp o o J
of the variation in r as & is changed, while keeping 8 constant but
less than n(RQ), together with the observation that along the curve
Z= & , r increases as 8 decreases, enables us to identify themax’ tp J
required region. The shaded area in Figure 7.2 contains all the rays 
with r /p^O.8 as an example.
We would expect from equation (3.17) that the rays in the 
shaded area of Figure 7.2 would be more highly attenuated than those 
in the unshaded area. In fact, this is not quite the case as the rays 
having the same attenuation coefficient y  ^ (calculated from (3.16) 
and (3.17)) as the ray [&=0, 8 = n (0.8 p ) ], lie typically along the 
slightly steeper line shown in Figure 7.2. It is of interest to note 
therefore, that the regions (in &,8 space) that suffer high cladding 
attenuation, also have a high tunnelling attenuation (with the 
exception, of course, of the bound rays with 8 around n , for which 
y^a^=0). We will see in Chapter 8 that radiation due to tunnelling 
is the dominant attenuation mechanism for the majority of these rays.
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APPENDIX: EFFECTIVE TUNNELLING DOMAIN
The procedure for calculating the boundary Z = Z  (D,ß).LU w
in Figure 7.1 is as follows:
(i) For each ß, find y from (3.6c);
(ii) Substitute into (3.13) and solve the resulting equation 
(numerically) for ;
(iii) Finally calculate Z by substituting p = p in (3.6b).LUW D
The value of ß is given by the intersection of the
LjU w
Z = Z  and £=JL^tt curves. Thus, to find (L ^ TT the following steps max LOW LOW
are required:
(i) Convert Z (3) to Z (y) using (3.6c);ma x ma x
(ii) Find p (y) by substituting Z = Z  in (3.6b);ma x max
(iii) Set p, = p (y) in (3.13) and solve for y;b rmax J
(iv) Substitute that solution into (3.6c) to obtain ß .IjU w
A more concise form of (3.13) can be obtained by 
substituting
cosh x = p^/Zy • (A.l)
This gives the equation defining the boundary of the effective 
tunnelling ray domain as
x cosh x - sinh x = D(q) / (2qy) 2 . (A. 2)
For a given y, this is easily solved for x and thus P^Cy) obtained.
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CHAPTER 8
PROPAGATION EFFECTS IN CIRCULARLY SYMMETRIC 
FIBRES - II: APPLICATIONS AND RESULTS
8.I INTRODUCTION
Chapter 7 was devoted to developing the formalism describing 
three propagation effects in optical fibres - pulse dispersion, 
tunnelling ray attenuation, and power loss due to an absorbing cladding. 
In this chapter, we continue our study of these phenomena by quantifying 
their influence on the power propagating in multimode fibres that have 
been excited by the various sources mentioned in earlier chapters.
We begin by examining pulse propagation in the absence of any 
attenuation mechanism. As a specific example, we analyse an 
experiment [1] in which a laser beam was focused onto the fibre in 
order to measure its baseband frequency response. We examine these 
measurements using the bound mode approach, with the aim of identifying 
the role of the source. Next, we consider tunnelling ray attenuation 
in multimode, graded index fibres, and calculate its effect on both 
the total power guided along the fibre and the impulse response, when 
the source is the collimated beam of Chapter 4. Finally, we introduce 
the additional attenuation mechanism of an absorbing cladding material. 
In this case we use a Lambertian source and again calculate the total 
power attenuation and impulse response as a function of the axial 
distance z.
8.2 FIBRE FREQUENCY RESPONSE MEASUREMENT
The dispersion of an optical pulse as it propagates within the 
fibre imposes a fundamental limit on the rate at which information can
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be transmitted. For system design calculations, we require knowledge of 
both the width and shape of the output pulse (in some cases, the rms 
width may be sufficient). These pulse characteristics will depend 
strongly on the modal power distribution launched by the source.
There have been many experimental observations of this pulse dispersion 
in multimode fibres [e.g. 1-6], but although the impulse response 
measurements are often taken in the time domain, the resultant fibre 
characterization is usually presented as a frequency transfer function. 
Some dispersion measurement techniques sample this transfer function 
in the frequency domain [e.g. 1,4].
The results of these experiments are often interpreted in 
terms of effects such as mode coupling and selective mode attenuation 
due to absorbing materials. However, the conclusions reached can 
often be misleading owing to one's ignorance of the modal power 
distribution that is initially excited by the source. We now stress 
the importance of correctly identifying the role of preferential mode 
excitation in pulse transmission measurements, since the output of a 
system can only be accurately interpreted when the input is correctly 
specified. In this section, we will examine the results of a 
particular experiment, [1] to show that identifying the nonuniform mode 
excitation that is characteristic of the source used, can change the 
apparent effect of the fibre's propagation characteristics.
Many of the experiments in this field, including the one 
analysed below, are performed with a gas laser whose beam is focused 
onto the end of a fibre. When the optical system is accurately 
aligned, this is a particular example of an axially symmetric source 
field. Several investigators report that because the acceptance cone 
of the fibre is completely filled by such a source, they expect uniform 
excitation of all propagating modes [1,7], For an axially aligned 
source, this is incorrect.
We have already discussed the theory of fibre excitation by
the focusing of an axially symmetric field in section 5.6. We saw
there that in a step index fibre, only the HE modes would be1, m
excited by this type of source, and we also determined the power 
launched in each mode when a Gaussian beam was incident on the lens 
(see equation 5.6.10). For many cases of fibre excitation by lasers,
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it is appropriate to consider the incident field as a Gaussian beam 
and so, to evaluate the effect of the resulting nonuniform mode 
excitation (5.6.10) on pulse dispersion, we concentrate on an 
experiment performed by Gloge et at. [1].
In this experiment, the frequency transfer function of a 
step index fibre was measured directly by using a free-running laser, 
containing frequency components in the 0.5 to 2.5 GHz range, and 
focusing the beam onto the fibre endface with a microscope objective. 
The radiation from the output end of the fibre was examined with a 
spectrum analyser to discover how the different frequency components 
had been attenuated, thus giving a direct sample of the transfer 
function. The system parameters, used in the analysis of Chapter 5 
were:
f = 1.9 mm y p = 28
n = 1.4627
C O
y 27Tp/Af = 4
V = 38.08 y sin 0 = 0
pm , A = 647 nm ,
609 x 10"2 pm“1 ,
0957 , w = 1.46 mm
o
By using the transfer matrix formalism to trace the parameters 
of the Gaussian beam from the centre of the laser cavity through the 
lens [8], we find that the radius of the beam hitting the fibre face 
was approximately 1 pm. Also, the radius of curvature of the wavefront 
at the entrance pupil of the lens was approximately 2.9 m. Thus, the 
approximations used to derive equation (5.6.10) are valid in this case, 
and we may write
U2
P, = - -----exp(- 4.417 x 10 V ) , (2.1)
r J2(IL ) l»ml,m o l,m
where K is the same constant for each mode. Figure 8.1, which shows
P, against U. , clearly indicates that not even the HE. modes l,m ° 1 ,m J l,m
are equally excited. Thus the assumption of uniform excitation of 
all modes is incorrect.
8.2.1 Pulse width
We now consider the width of the fibre impulse response that
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u
Figure 8.1 Power launched in the HE modes (+) against eigenvalue 
U according to equation (2.1). Th£ straight line approximation 
used in equation (2.3b) is also shown.
would be expected for the experimental situation being considered. Now
t (U_. ), the time taken by mode l.m to travel an axial distance z, isl , m  J
derived from the modal group velocity and is given by equation 
(7.2.11a). An approximate form for large V appears in (7.2.11b) and 
corresponds to a geometric optics result, which predicts that the 
transit time of a ray in a step index fibre depends only on its 
inclination to the fibre axis. These two formulae are plotted in 
Figure 8.2 as a function of U/V.
For the fibre under consideration, m = 1,2,...,12, and the 
width T of the impulse response is given by
T-T(D1.12)- t (U1,1) (2‘2)
For the reported observation length of 30 m, the modal analysis predicts
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Modal
Figure 8.2 Transit time x(U) based on equation (7.2.11a) - modal - 
and equation (7.2.11b) - geometric optics - for the experimental 
fibre under consideration.
T=0.51 ns, while the corresponding large V result is T=0.60 ns, which 
is the value obtained from the experimental, transfer function 
measurement.
8.2.2 Pulse shape
It remains to be shown that the selective mode excitation 
of the laser source still leads to the approximately rectangular pulse 
shape deduced in Reference [1]. As the detector does not distinguish 
the arrival of individual modes, we proceed to the continuous function 
approach previously used in (5.3.9). We observe from Figure 8.1 that 
P^ m is roughly proportional to and so the total bound mode
power P^ is given by
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1 2
P = 2 P(IL )b m=l l,m
12% K 2 IL 2 m=l l,m
U dU
(2.3a)
(2.3b)
(2.3c)
where K is a constant for all the modes and we take U, t, - IL « tt.2 1,m+1 1,m
If the change to the time variable T is accomplished using the large V 
form (7.2.11b), then
dT
c sin 0  ^2
izn V  ^ co
U dU (2.4)
which, when used in (2.3c), gives the impulse response (7.2.22) as
Q(T) - -
z n V
c sin 0 (2.5)cJ
We now calculate the expected frequency transfer function by Fourier 
transforming this impulse response. Thus,
Q (to) \ — ioox , Q(x)e dx (2.6a)
rzn V 'i
C O
c sin 0 ^ cJ
1,12 -ioox ’ e
1,1
dx (2.6b)
032K rzn V >2(r2 C O
2 tt c sin 0  ^ cJu
-iC . -it']- e ___l e
00X
C
1,12
ÜJX1,1
Ei(wTi 12) - Ei((0X1 x)j (2.6c)
in which 4 = oox and Ei(x) is the exponential integral function [9]. Thus 
the present theory does not predict a sine dependence for the transfer 
function as assumed by Gloge [1]. However, numerical evaluation of 
IQ(co) I for the appropriate experimental parameter values, gives a 
curve that is similar to the sine function, and has a minimum where 
sine has a zero. This similarity arises because, over the time interval
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involved, Q(x) (2.5) is virtually flat and experimentally indistinguish­
able from the rectangular pulse shape originally assumed [1]. As a 
result, fitting a curve of the form of (2.6c) to the experimental 
results would give an estimate of the impulse response width, which 
differed only slightly from the reported value of 0.6 ns.
8.2.3 Discussion
estimates of the pulse width T: 
from geometric optics and equal
[i];
from measurements [1]; 
from the above modal theory.
We must turn to other relevant factors to discuss the discrepancy 
between (b) and (c).
Obviously, any deviations from the precise experimental
arrangement assumed in the above analysis may affect the predicted
value of T. Defocusing of an axially symmetric system will not
introduce modes other than the HE, modes, but variations in the1 ,m
power launched in each would be produced. These variations would be 
small except for gross defocusing (see Chapter 5).
Since the fibre has a large V value, the analysis could be 
carried out using the geometric optics methods of section 3.4. We 
have seen in Figure 8.2 that the transit time x predicted by this ray 
theory differs from that calculated using the modal group velocity, 
for the high-order modes (U/V-*-l). The maximum in the modal curve is 
a result of these high-order modes having an appreciable amount of 
energy outside the fibre core, which propagates at a greater velocity 
than that inside,due to the lower refractive index of the cladding.
This effect is not included in the simple geometric optics analysis, but 
can be easily incorporated by the introduction of the Goos-Hänchen 
shift [10,11] at every reflection of the ray from the core-cladding 
interface. When the ray theory is corrected in this way, it reproduces 
the variation in transit time predicted by using the group velocity.
We now have three main
(a) T 0.67 ns, deducedgo
excitation of all rays
(b) T = 0.6 ns, deducedexp
(c) H rr EX I
I 0.51 ns, deduced
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If the source is not accurately aligned with the fibre axis, 
there will no longer be only meridional rays launched in the fibre.
As the source is offset from the axis, the rays become skew and the 
magnitude of their Goos-Hänchen shift decreases [11]. Therefore, any 
misalignment will tend to increase the pulse length and bring the 
theoretical results more in line with the experimental ones. In terms 
of mode theory, a misalignment causes modes other than the HE^ ^ modes 
to be excited; we note, however, that still only a subset of all 
possible propagating modes will be strongly excited, and these will not 
all have equal powers.
Experience with chemical-vapour-deposited fibres indicates 
that it is difficult to fabricate a true step in refractive index at 
the core-cladding interface. In fact, many nominally step index 
fibres are actually graded, with a finite profile parameter q (see 
equation (3.2.5)). The effect on the output pulsewidth T of having 
a large-q fibre instead of a step one, is to multiply the width 
determined from the geometric optics analysis by the factor [1- (2/q)]. 
Thus, if the fibre used in the experiment had a finite q, we would 
expect a shorter pulsewidth than that predicted by the previous 
analysis.
We are now in a position to appreciate the need for correct 
identification of the role of the source in these bandwidth 
measurements. Gloge et at. [1] used an assumption of equal excitation 
of all modes to predict a pulse width of 0.67 ns. Since they observed 
a width of 0.6 ns, mode coupling and selective mode attenuation were 
used to explain the difference. When the excitation conditions are 
examined in detail, however, the predicted width is only 0.51 ns. 
Therefore, propagation characteristics that will lengthen the pulse 
must now be found. Coupling into leaky modes may be one such 
phenomenon, but the important result is that correct evaluation of the 
role of the source has reversed the interpretation placed on the 
propagation effects of the fibre. A more complete analysis would 
require a larger body of experimental results for testing various 
mechanisms. This is particularly so in the present case, in which the 
fibre has a high loss rate and various processes could be contributing.
The above arguments have clearly shown that the role of the 
source must first be identified before any interpretation of the output
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observations can be made. In addition, a determination of the pulse 
spread or bandwidth is, by itself, insufficient evidence on which to 
make any meaningful estimate of the effects of the many propagation 
phenomena. The difficulties inherent in fibre baseband frequency 
measurements also suggest that techniques for steady-state mode 
excitation [12] may be of considerable importance.
8.3 TUNNELLING LOSSES - COLLIMATED BEAM SOURCE 
8.3.1 Power Attenuation
Having discussed the mechanism of tunnelling ray attenuation 
in section 7.3.1, we now wish to give a quantitative example of its 
effect on the power propagating in a multimode graded index fibre. To 
do this we return to the collimated beam source of Chapter 4 and 
restrict the analysis to the power law fibre of equation (3.2.5).
From section 4.3 we recall that the initial power launched 
in the tunnelling rays, Pt(z=0), by a collimated beam incident at a 
normalized angle a(4.2.1), is found by integrating the incident 
intensity over the appropriate acceptance region of the fibre face. 
Along any radial direction on the fibre face (<}) = constant in Figure 
4.3), this tunnelling ray acceptance region was bounded by r^ and 
rtun C^) when a^l, see equations (4.3.12) and (4.3.20). Thus we may 
write
P (z=0) = 41 t o
tt/2 f r (4>)
d(j) tun dr , a ^ l  , (3.1)
where I is the source strength constant. When a > l  the r limits will
be given by solutions of equation (4.3.20) - see also Figure 4.7.
Since the power loss during propagation is analysed in terms of the
attenuation coefficient y .(£,3), (7.3.2), we must transform thisrad
integral to the £,$ domain. This is accomplished using the Jacobian
Pt(z=0) 41 p2 o (3.2)
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in which we have introduced the normalized radial coordinate R=r/p, and
9ß 93
90 9R
9£ 9£
90 9R
(3.3)
Now from the application of Snell’s law at the fibre entrance plane 
(4.3.6), we can obtain the £,ß values for a ray entering the core at 
position R,(f) (Figure 4.3), when the beam incidence is a:
ß2 = n2 (R) - n202a2 , (3.4)CO o c
& = Rn 0 a cos 0 ,o c T ’ (3.5)
where we have written 0c in place of sin 0^ (see (4.3.4)) for
notational convenience - in practice sin 0 « 0  . Using these forms inc c
(3.3) with ncQ(R) the Rq profile of (4.3.11) gives
n2 q 02Rq_1
J, = - — ----q----  Rn 0 asin<() . (3.6)b 2ß o c
The expression for the launched tunnelling power is then
Pt(z= 0) I p: q+2 J
q(n 0 ) 2 v o cJ
2 2 q 2„,2 o 2n - n 0 a - ß o o c
2^L
q
a2 (n2 - n202a2 - ß2) 2^q - P  (n202) qo o c O C'
-h
ßdßd£ . (3.7)
The appropriate integration limits in this equation are most easily 
found by reversing the order of integration in (3.1) and applying 
(3.4) and (3.5) to the resulting limits. The region of £,ß space 
that contains tunnelling rays launched by the source in the a ^ l  
case would then be
n2 - n202a2 <  ß2 <  n2 , a <  1 ,cl o c cl
n2, - ß2 <  £2 <  Pcl s any a ,
's (n e )2_q ° 0 cO C
(n2- n 20 V - g 2)2/q
(3.8a)
(3.8b)
with
(3.8c)
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This region containing launched tunnelling rays, together with the 
corresponding one for the launched bound rays, is shown schematically 
in Figure 8.3.
Figure 8.3 The £,8 domains for a graded index fibre showing the 
subset of all possible rays (shaded) that will be excited by a 
collimated beam source at normalized incidence a. Also shown 
are important values of the R^<j) coordinates on the fibre entrance 
face (see Fig. 4.3). The £= curve defines the region of
tunnelling rays (cross-hatched) that are only slightly 
attenuated for a given value of the generalized parameter D 
(7.3.8). Those rays with 3> n  ^are bound. This diagram is 
schematically correct for q>2, a^l and the £2 curve varies 
rapidly with q and a.
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We can immediately see from Figure 8.3 that only a subset of
the rays in the fibre - those shaded in the figure - are excited by
this source. Also, since any particular value of R corresponds to a
unique value of 8 via (3.4), we can also identify contours of
significant R,(j) values as shown. This figure is schematically correct
for q>2, a^l. However, the shape of the Z = contour is critically
dependent on the magnitudes of q and a. For example, if a > 1 (remember
that q would have to be >2a2 in this case) then the 02 = n2(l- 02a2)o c
point (R= 0) would be to the left of 8 = 11^ . As a result the upper 
limit in (3.8a) would have to be modified, with the appropriate value 
(calculated numerically) given by the intersection of the Z 2 = £2 and 
Z 2 = n2  ^- p curves. The Z limits of (3.8b) remain correct however.
In order to calculate the tunnelling power at a distance z
along the fibre we could introduce an exp (-Yra(j (&, 8) z/p) term in
equation (3.7) (see 7.3.3)). Alternatively, we may adopt the
generalized parameter formalism of section 7.3.2 and identify those
rays which are only slightly attenuated for each given value of z. In
this section we use the second approach and show in Figure 8.3, the
line Z = Z (D) which divides the tunnelling ray domain into highly J_iU w
attenuated, and slightly attenuated ray regions (refer to the previous 
chapter for further details). With a nonzero axial distance z, the 
integration of equation (3.7) is then performed over the cross-hatched 
region of Figure 8.3 to determine the power remaining in the tunnelling 
rays. We note that the sensitivity of the Z = curve to the values of 
q and a can lead to a much more complicated domain than the one 
shown.
Results for the tunnelling ray power are given in Figure 8.4 
where P^(D) / P^_(initial) is plotted against D for a parabolic fibre 
(q= 2) excited by collimated beams with various incidence parameters a. 
We remind the reader that these curves can be interpreted in a variety 
of ways since D embodies several physical parameters. In particular, 
fixing the fibre parameters V,0c,p we can read off the values of P^_ 
for a distance z from the source. Alternatively, thinking of z as 
fixed we can examine variations in the fibre or light parameters, 
e.g. increasing wavelength decreases V, and hence increases D leading to 
a reduction in the power P . Similar interpretations follow for the 
other profile parameters and in Figure 8.5 we show D^q > the value of 
D for which P has fallen by 10 dB, as a function of the incidence
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Figure 8.4 Behaviour of the tunnelling ray power in a parabolic 
index fibre excited by a collimated beam with incidence 
parameter a. D is the generalized parameter of (7.3.8) and 
D = -°° corresponds to the initial launched power.
parameter a. As a guide to the axial distances involved in this figure, 
we recall from Chapter 7 that for a parabolic index fibre with V=50,
0 =0.1, p = 80 y, lOOm^z^lO km corresponds to 0.211 ^  0.304.
This figure indicates that the tunnelling rays launched by beams with 
a%0.6 - 0.9 can transport power over appreciable distances within the 
fibre. The maximum decay length for this situation also increases as 
q increases. We recall from Figure 4.6 however, that increasing q 
with these values of a reduces the total tunnelling power initially 
launched in the fibre.
The accuracy of the generalized parameter formalism when 
used in fibres excited by a collimated beam source, can be assessed 
by comparing the attenuation curves for the parabolic index fibre in 
Figure 8.4 with those calculated using the attenuation coefficient 
methods of (7.3.3) and (7.3.5). These calculations indicate that over 
the whole parameter space O.1^0c^O.2, 30^V^70, O.l^a^O.9, the
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Figure 8.5 Plot of the value of the generalized parameter D
for which the tunnelling ray power has dropped by 10 dB,
versus the beam incidence parameter a. The curves are labelled 
by the power law profile parameter q.
value of P^CD) given by the generalized parameter approach has, for 
practically relevant D values, an error of order 10%. In most cases 
the error is less than 5% and only in some odd parameter regions 
does it approach 20%. Detailed error values are given in Table A.l 
of the Appendix.
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8.3.2 Impulse response
Previous determinations of the impulse response in graded 
index fibres excited by a collimated beam, have concentrated on the 
bound ray contribution [e.g. 13-15]. We are now able to evaluate the 
tunnelling ray contribution to this impulse response.
Following the development of section 7.2.4 we may write the 
total power at a distance z from the source, P(z), as the sum of bound 
and tunnelling ray contributions:
(3.9a) 
(3.9b)
P(z) = Pb + Pt(z)
J(£,3) d£ d3 + J(£,ß) d£ d3
t(D)
where the integrations are performed over those regions containing the 
bound rays and the effective tunnelling rays at the given z or D, 
that have been excited by the source - see, for example, (3.8) and 
Figure 8.3. Assuming a one-to-one relationship between 3 and T, e.g. 
q ^ 2  in (7.2.5), the transformation of (7.2.21) can be applied to 
(3.9b) to give
P(z) Qb (T)dT + Qt(T,D)dx (3.10)
in which Qb and are the bound and tunnelling ray portions of the
impulse response. For the chosen case of q^2, all the bound rays 
have faster transit times t (3) than the tunnelling rays, and so it is 
possible to distinguish Qb and Q in the total impulse response function. 
However, for other q values, the two contributions may overlap in 
time and, as discussed in section 7.2.4, the impulse response Q(t) is 
then found by summing all the power with the same transit time 
irrespective of its (3 value. Returning to the above example, we can 
evaluate the impulse response functions of (3.10) since the J(£,3) 
in (3.9b) has already been given in the previous section (3.7). Thus,
V T)/Pinc
4ß3(2+q)(n 6 ) o c
q—4
Szl
qn T I 2ß2 - q n2 I (n2 - n202a2 - 32) 2 o o 1 n o u  o o c  J
(3.11a)
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V T ’D)/Pinc
8$3 (2+q) (n 0 ) o c
q-4
TTqn T I 2(32 - q n 2 | (n2 - n 20 2a 2 - 32) ^o o o o c
TT . -1—  sin 2
2+q
q
a(n2 - n 202a 2 - o o c
(3.11b)
in which x is the on-axis transit time o
T = z n /c , o o (3.11c)
and the time variable x is contained in 8
X (2+q) - -(x2 (2+q) 2 - 8q X 2 1 2 c/(4z) (3.lid)
is the total power incident on the core (4.3.14) and we have again
written 0 for sin 0 (see 3.5). The above equations have been used to c c
plot the impulse response for a parabolic index (q= 2) fibre with a =0.5. 
The curves are shown in Figure 8.6 for several values of the generalized 
parameter D. It is clear that the tail of the impulse response corresponds 
to Q t (x,D) which is gradually attenuated until only the bound ray 
contribution Q^(x) remains.
We now consider the effects of varying the incidence parameter
a, and the fibre parameters q and D. For example, the integration
limits in (3.10) are sensitive to a - if a was greater than 1, the width
of the bound ray impulse response Q^(x) would be zero. In order to
quantify these effects we continue to consider q ^ 2  and examine X , the 
transit time of the leading edge of the pulse. This time is related to 
the largest 3 value excited by the beam. Thus, from Figure 8.3 and 
(7.2.3)
X = x ( 2 ( 1 - a 2sin20 )^ + q (1 - a 2sin20 )“^)/(2+q) , (3.12a)1 o v c c '
k , X (l + a 2sin20 (q-2)/2(2+q)) , a sin 0 « 1  . (3.12b)
o K c ' c
The second equation, which is often applicable since 0^ << 1 in practice, 
indicates that X is only slightly dependent on a and q.
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Figure 8.6 Impulse response Q, (3.11), for a parabolic index fibre 
excited by a collimated beam with incidence parameter a =0.5.
T is the transit time of the fastest travelling ray and we 
have assumed = 1 in (3.11). The curves are labelled by the
generalized parameter D.
The shape of the impulse response is similar to that shown 
in Figure 8.6 for other beam incidence parameters, so we now explore 
the behaviour of the pulse width for excitation and fibre variations.
We define the width W by
T - I , = T W = T , (3.13)
2 1 O
in which is the transit time of the slowest ray. Now W will be a
function of a,q and D, and results showing this dependence are plotted 
in Figures 8.7 and 8.8. These figures show that although the impulse 
response for a=j=0.5 is similar in shape to that shown in Figure 8.6, 
the trailing edge corresponding to Q (t ) may form the major part of 
the pulse e.g. a =0.8 in Figure 8.7.
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Figure 8.7 Pulse width W for a parabolic index fibre versus generalized 
parameter D. When D=^°°, all launched tunnelling rays are present in 
the pulse, and D = 00 corresponds to bound rays only (total attenuation 
of tunnelling power). The curves are labelled by the incidence 
parameter a.
8.4 CLADDING LOSSES - LAMBERTIAN SOURCE
The remaining attenuation mechanism discussed in Chapter 7 is 
cladding absorption. We now add this effect to the tunnelling losses 
of the previous section, and examine the resulting power attenuation 
and impulse response behaviour of a graded index fibre excited by a 
Lambertian source.
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Figure 8.8 Pulse width W for graded index fibres excited by a collimated 
beam with incidence parameter a = 0.5, versus generalized parameter D. 
The curves are labelled by the power law profile parameter q.
8.4.1 Power attenuation
To determine the power propagating at a distance z from the 
source when both tunnelling and cladding losses are included, we 
substitute the Lambertian source distribution
1(0.) = I cos 0 . 1 o 1 (4.1)
in the excitation integral (3.4.3) and introduce an attenuation factor 
to account for the cladding absorption:
P(z) nco(r)I cos 0 . exp f-y , z/pj — ~------- cos 0 sin 0 d0 d<J) rdr dip ,
° 1 cl n; cos0.l l
(4.2a)
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21 TT o exp(-Y z / p ) ( r )  cos 0 sin 0 d0 d(j) rdr cl co (4.2b)
The tunnelling attenuation is incorporated by adjusting the integration 
limits so that only the effective tunnelling ray domain, determined by 
the generalized parameter D, is included.
As in section 8.3.1, the 
requires the Jacobian
93 93
90 9cj)
0£ 9£
90 9(f)
transformation to the £,3 domain
(4.3a)
= (r/p)n2 (r) sin20 sin (j) . (4.3b)co
Performing this transformation and reversing the order of integration 
gives
P(z)
£■ max
d£ exp(-Yclz/p)
0, £LOW
x 3
tp r dr
min
{(nL-§2)r2-£p2)}*2 (4.4)
where the appropriate lower £ limit is chosen depending on the value of 
3 (bound ray or tunnelling ray). The r integral in this equation is 
simply half the ray path periodic distance z (7.3.7). Thus we have 
finally
P(z)
47TpI(
2
n i
max
exp(~Yc 1 (£,3)z/p)z (£,ß) d£ d3
<v »
ßLOW J ’ '‘ LOW
(4.5)
We will now use this expression, with z^ calculated from the interpolation 
scheme of section 3.2.3, to determine the attenuation of the propagating 
power caused by both radiation and cladding losses.
e 2c
As a sample case we consider an optical fibre with V =  70,
0.02, n = 1.5 and n^ = 1 . 6 5 * 1 0  This value of n \  is related to o cl cl
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the bulk absorption of the cladding material in dB/km by the relation
dB— 11?-1 ■ x 10"9 20klog1()e (4.6)
where k=27r/A (A in pm). Thus the above parameter values correspond to 
a bulk absorption of 100 dB km  ^ at 0.9 pm.
Figure 8.9 shows the power (bound+ tunnelling) propagating 
in a fibre described by the above parameters, as a function of the 
normalized axial distance z/p. Each curve is labelled by the profile 
grading parameter q and the power is normalized by its value at z=0.
Figure 8.9 Total power carried by bound and tunnelling rays in an
optical fibre as a function of z, the distance from a
Lambertian source. The cladding is absorbing with a bulk 
attenuation rate of 1Q0 dB/km at X=0.9 pm. The curves may be used 
for other values of n as explained in the text.
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It must be stressed that the above choice of n does not prevent uscl
from obtaining information on the effect of a cladding of different bulk 
absorption constant. Equations (7.3.3) and (7.3.17) show that the 
cladding effect is governed by an exp( -F n^z) dependence, where F is 
a constant for each ray. Thus, if the cladding absorption was X times 
as great as the value used in Figure 8.9, the same curves could be 
used with the z/p axis scaled by 1/X.
This figure shows that for the same fibre parameters
(V, sin 6^ , n^, n^) graded index fibres are far less susceptible to
cladding absorption than a step index fibre. This behaviour was
anticipated in section 7.3.3 when we considered the position of the
outer caustic r . Consideration of (7.3.18) and Figure 7.2 shows
that as q increases, the 3 intercept of a line of constant r moves 
rtowards nc >^ indicating an increase in the attenuation of any 
particular ray with given &,3 values.
The relative effects of tunnelling and cladding attenuation 
are shown in Figure 8.10 where the power propagating in the bound and 
tunnelling rays of a parabolic index fibre is plotted separately.
The dashed curves in this figure are for a fibre with a non-absorbing 
cladding ( n ^ = 0). The plot of P shows that the radiation losses 
cause significant attenuation of the power in the tunnelling rays, 
before the effect of the absorbing cladding becomes apparent. Similar 
curves in Figure 8.11 show the effect of varying the fibre parameter V; 
larger V fibres are less susceptible to cladding losses. We can 
extract this property from the expression for T^^ (7.3.17) by rewriting 
the exponential term from that equation as
where R=r/p. This shows that increasing V will exponentially decrease 
the attenuation coefficient y  ^for the rays in the fibre. Physically, 
this is due to the fact that the decay in amplitude of the evanescent 
field outside the turning point r becomes steeper as V increases.
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P = Bound ♦ Tunnelling
P = Bound
P = T unnelling
Figure 8.10 Power P carried by various ray types a distance z from
a Lambertian source in a parabolic index fibre of V=50. The
powers are normalized by the total power initially launched into
both bound and tunnelling rays. The dashed curves are for a
non-absorbing cladding while the solid curves are for
ni = 1.65 x 10“9. cl
8.4.2 Impulse response
We have seen in Figure 8.10 that the effect of the absorbing 
cladding does not become apparent until after most of the tunnelling 
ray power is lost through radiation. We will therefore consider only 
the bound rays when examining pulse propagation in the presence of 
cladding losses. We use the $ - * T  transformation detailed in section
8.3.2 with the source function J(£,ß) given in (4.5).
The impulse response function Q ( t ) is plotted in Figures 
8.12-8.15 for fibres of different profile parameter q. Each curve
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P= Bound + Tunnelling
P = Bound
V = 30 \
Figure 8.11 Effect of variations in V on power attenuation due to an
absorbing cladding. The fibre parameters are as given for (4.1),
and n1 = 1.65 x 10"9. cl
in these figures is labelled by the parameter n^z/p which was discussed
in the previous section, and the time variable T has been normalized by
T , the on-axis transit time (3.11c). The area under the unattenuated 
° icurve (n ^ = 0) has been normalized to unity in each of these figures. 
Once again, the high susceptibility of step index fibres to cladding 
attenuation, in comparison to graded fibres, is easily seen. In 
Figure 8.12 the leading edge of the pulse is attenuated by the effect 
of the absorbing cladding while in the remaining figures, power is lost 
from the trailing edge. This is due to the range of the T versus 3 
diagram that is spanned by the bound ray region (7.2.5). If q is 
around q , the value which minimizes the bound ray impulse response 
width (7.2.6), both leading and trailing edges may be affected.
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Figure 8.12 Impulse response Q for a fibre with (imaginary part of
cladding refractive index) x (distance from a Lambertian source)
as shown next to each curve. The fibre has V=70, q=1.5,
n =1.5 and 92 = 0.02. T is the on-axis transit time and t ,p c o Athat of the leading edge of the pulse.
8.4.3 Buffered cladding
We have seen that the magnitude of the above attenuation 
effect is critically dependent on the proximity of the ray turning 
points to the absorbing material. An obvious method of reducing 
the attenuation is to increase the distance from turning point to lossy 
cladding by inserting a region of lossless cladding material. This 
arrangement is shown in Figure 8.16 which also includes plots of the 
propagating power in this structure. The fibre parameters used are 
the same as those in Figure 8.9, and each curve is labelled by r^ the 
radial coordinate of the lossy interface. This figure shows that
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Figure 8.13 As in Figure 8.12 but with q=2.
removing the absorbing material from the core-cladding interface quickly 
reduces the attenuation of the rays. Larger values of r^ would 
correspond to the situation where the fibre is sheathed by a lossy 
jacket. Figure 8.16 indicates that the effect of such a jacketing 
procedure on parabolic index fibre is minimal.
8.4.4 Conclusion
It should be noted that we have assumed an infinite cladding, 
whereas in practice, there will be a finite cladding jacketed with 
another material. Usually, the cladding thickness is sufficient to 
justify the infinite cladding approximation. The accuracy of this
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Figure 8.14 As in Figure 8.12 but with q=10.
approximation has been investigated experimentally by Kashima and 
Uchida [16].
The above calculations have shown that: (a) most of the
tunnelling ray power is lost through radiation before cladding 
absorption becomes significant; (b) the magnitude of the cladding loss 
effect is critically dependent on the separation of the lossy cladding 
material and the outer turning points of the rays.
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0001
Figure 8.15 As in Figure 8.12 but for a step index fibre.
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P = Bound ♦ Tunnelling
P = Bound
Figure 8.16 Power P in a parabolic index fibre at distance z from a 
Lambertian source. The fibre parameters are as in Figure 8.12 
with the exception that V=. 50. The cladding is nonabsorbing out 
to a radius rp, and then n = 1.65x 10 9. The curves are 
labelled by the normalized distance r^/p.
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APPENDIX: ACCURACY OF GENERALIZED PARAMETER
The generalized parameter D was initially identified by 
examining numerical values of the tunnelling ray power in a step index 
fibre that was excited by a Lambertian source [17]. Subsequent 
analytical studies clarified the origin of this parameter [18], and 
confirmed the accuracy of this method for describing tunnelling 
attenuation in fibres with a Lambertian source. We now examine this 
accuracy when the source is a collimated beam.
In the following table we assess the accuracy of the 
tunnelling attenuation curves, P^(D), calculated from the generalized 
parameter approach, by comparing them with the corresponding curves,
P (D), obtained from the full attenuation coefficient formula,3.
(7.3.4) and (7.3.5). We list the percentage error, defined as
[P (D) -P (D)]/P (D) x 100%, for several values of the collimated t a t
beam incidence parameter a, and the fibre parameters V and 0^ .
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a D Pt(D) V=30
% ERROR 
V=50 V=70
0 =0.1 c 0 =0.2 c 0 =0.1 c 0 =0.2 c 0 =0.1 c 0 =0.2 c
0.1 0.001 0.93114 28.53 28.91 21.66 21.98 17.59 17.86
0.101 0.17716 10.31 10.85 8.94 9.29 7.32 7.58
0.201 0.05333 10.60 11.13 8.48 8.80 6.74 6.97
0.301 0.01732 10.77 11.28 8.46 8.77 6.70 6.92
0.2 0.001 0.95515 21.06 21.34 15.37 15.60 12.22 12.41
0.101 0.34442 7.34 7.70 5.13 5.35 3.72 3.88
0.201 0.17218 6.86 7.17 4.38 4.57 2.97 3.11
0.301 0.09201 6.41 6.70 3.89 4.07 2.51 2.64
0.401 0.05075 6.00 6.28 3.47 3.64 2.11 2.24
0.4 0.001 0.96863 15.09 15.31 10.68 10.85 8.34 8.48
0.101 0.48744 2.28 2.53 0.30 0.45 - 0.78 - 0.67
0.201 0.31243 0.25 0.46 - 1.80 - 1.67 - 2.84 - 2.74
0.301 0.21162 - 1.10 - 0.91 - 3.13 - 3.01 - 4.14 - 4.05
0.401 0.14750 - 1.81 - 1.62 - 3.81 - 3.70 - 4.79 - 4.71
0.6 0.001 0.97063 12.85 13.07 8.97 9.09 6.87 7.00
0.101 0.51671 - 3.52 - 3.28 - 5.45 - 5.30 - 6.45 - 6.35
0.201 0.34817 - 7.67 - 7.46 - 9.63 - 9.50 -10.60 -10.51
0.301 0.24822 -10.31 -10.12 -12.24 -12.13 -13.18 -13.10
0.401 0.18238 -11.91 -11.74 -13.82 -13.72 -14.74 -14.66
0.8 0.001 0.96224 13.26 13.52 8.97 9.17 6.73 6.89
0.101 0.44045 -13.23 -12.90 -15.59 -15.39 -16.85 -16.71
0.201 0.27849 -17.83 -17.56 -20.21 -20.05 -21.43 -21.31
0.301 0.19056 -18.76 -18.52 -21.04 -20.89 -22.17 -22.07
0.401 0.13599 -18.88 -18.67 -21.06 -20.93 -22.13 -22.04
0.9 0.001 0.94186 17.46 17.83 11.64 11.93 8.51 8.74
0.101 0.30952 -12.15 -11.66 -14.34 -14.04 -15.84 -15.62
0.201 0.17188 - 9.99 - 9.66 -12.38 -12.18 -13.73 -13.58
0.301 0.10754 - 8.83 - 8.57 -11.16 - 11.00 -12.38 -12.26
0.401 0.07144 - 8.23 - 8.00 -10.46 -10.32 -11.59 -11.49
Table A.l Percentage error of the tunnelling attenuation curves P (D) 
calculated using the generalized parameter formalism when the 
source is a collimated beam.
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CHAPTER 9
EXCITATION AND PROPAGATION IN NONCIRCULARLY 
SYMMETRIC GRADED INDEX FIBRES
9.1 INTRODUCTION
In previous chapters of this thesis, we have successfully 
applied the geometric optics formalism to the analysis of many 
propagation effects in multimode, graded index fibres. We have 
assumed throughout however, that the fibres possessed perfect circular 
symmetry of the refractive index profile in the cross-sectional plane. 
Now, when fibres are manufactured by the chemical-vapour- 
deposition method (CVD), they are drawn from a preform, and often 
exhibit slight noncircularity. This feature may be caused by non­
circularity in the actual preform or by stresses during the drawing 
process. Other manufacturing methods also have difficulty in achieving 
circular symmetry. Therefore, we now consider the geometric optics 
analysis of these noncircular, graded index fibres with a view to 
identifying any advantages or disadvantages that they may have over 
circular ones.
9.2 NONCIRCULAR PROFILES
The removal of the restriction to circularly symmetric 
fibres and refractive index profiles immediately opens up an infinity 
of possible new fibre and profile shapes. However, only a subset of 
these stands out as significant in many practical situations as we 
shall now explain.
In the circularly symmetric fibres of previous chapters, 
the refractive index profile in the core, n , was usually assumed 
to satisfy (4.3.4)
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n2 = n 2[l- 2AG(r)]CO o (2.1)
where r is the radial variable in the cross-section, and n ,A areo
as defined in section 3.2.1. The function G defines the grading. The 
contours of constant refractive index are given by
G(r) = c , (2.2a)
r = G~1(c) , (2.2b)
where c is a constant and G 1 is the inverse function. Varying c 
gives a set of concentric circles; the contours of constant refractive 
index all have the same shape, the difference is one of scale alone. 
The restriction of circular symmetry is removed by letting G depend on 
the cartesian coordinates x and y not just through the combination 
r= (x2 + y2) 2. We replace r by u=u(x,y) and require that
u(ax,ay) = aVu(x,y) , (2.3)
where a is an arbitrary constant and V is a constant specific to the 
particular function u. This equation defines a homogeneous function 
of degree v_, and has the important property that if the refractive 
index is as defined in (2.1) with G=G(u) and u obeying (2.3)j then 
the contours of constant value all have the same shape. Some examples 
are illustrated in Figure 9.1. In the CVD manufacturing process, the 
graded preform is constructed by depositing successive layers of 
doped glass on the inside of a tube, which eventually forms the 
cladding. The uniform nature of this deposition process leads us to 
expect that the boundary of each successive layer will maintain the 
shape of the original hollow tube. Thus the constant shape property 
of (2.3) is one which we might expect in practice and is a suitable 
generalization of the circularly symmetric case.
Mathematically, if the set of points ( x ^ y ^  form a constant 
refractive index contour with u(x1,y1) = G 1(cl), then (2.3) implies 
that the scaled points (ax^ay^) also form such a contour with 
u(axi,ayi) = G 1 (c ) where G 1(c2) = aVG 1 (c ) .
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Figure 9.1 Examples of functions u=u(x,y) with their degree of 
homogeneity V and the contours given by u= constant. The 
function x2 + y4 is not homogeneous and its contours change 
shape, being elongated first in the y direction and then 
increasingly so in the x direction. If a fibre has a profile 
grading function G(u) then the contours shown would be the 
contours of constant refractive index.
The form of equation (2.1) proves too general in the 
circularly symmetric case and it is useful to choose particular classes 
of the grading function G, i.e. the function which specifies how the 
contours of constant refractive index are spaced. We have seen that 
the power law profiles for which G(r) = (r/p)^ are of major importance
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since they equalize the transit times of all rays with the same 3 in 
circularly symmetric fibres (section 7.2.1). This G is a homogeneous 
function of r and suggests that we now consider a homogeneous function 
of u in the noncircular fibres. Notice that if G is such a function 
of degree V ’, then from (2.3) we obtain
G(u(ax,ay)) = G(aVu(x,y)) = aVV G(u(x,y)) , (2.4)
or, with VVf = q,
G(ax,ay) = aqG(x,y) . (2.5)
T h u s t h e  generalization of the circularly symmetric3 power law 
refractive index profile is given by a grading function G which is a 
homogeneous function of x and y as in (2.5).
Further appreciation of this point can be obtained by 
observing that when equation (2.5) holds, we can re-express the grading 
function as follows:
G(x,y) = G(rx/r,ry/r)
= rqG( cos ip, sin i|j)
= [r/p(«]q , (2.6)
so that along any fixed radial direction, n varies like r , but the
radius p depends on the polar angle ip, i.e. the particular radial
direction chosen. The core-cladding boundary will be given by
r=p(ip). We may now consider the area in the cross-sectional plane
that is contained between two contours of constant refractive index,
n =n and ir say. Figure 9.2 shows this area (shaded) in an co a b
elliptically shaped graded fibre. From (2.1) and (2.6) we see that 
these curves are specified by
r = r (ip) = ap(ip) , (2.7a)
cl
and r = r^ (ip) = bp(ijj)
The required area, A , is then
(2.7b)
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Figure 9.2 Constant refractive index contours in an elliptical 
graded index fibre.
2tt (rb0|0
r (ijj)
rdr dip
[r*(ip) - r^ (ip) ]dip
(b2 - a 2) ,21TP2(^ )#
(b2 - a2)A (2.8)
where A is the total area of the core. This result is independent co
of the actual shape of the contours. If during the drawing of the 
fibre from a preform in the CVD manufacturing process, the total 
cross-sectional area of the preform core was reduced by a factor C 
say, we would expect that the area of each deposited layer in the 
core would be reduced by the same factor, C. Equation (2.8) shows
9.3 173
that this condition will be satisfied, even if a noncircular deformation 
is introduced during the drawing stage, provided the grading function in 
the resulting fibre obeys (2.5) or (2.6).
In the following discussions of noncircular fibres we will 
therefore examine grading functions G which are only restricted by 
equation (2.5).
The function G in geometric optics plays a role similar to 
that of the potential in classical mechanics - a subject in which the 
use of homogeneous functions and the resulting mechanical similarity 
is well known e.g. [1]. The analogy between geometric optics and 
classical mechanics has a long history, e.g. [2,3] and it has been 
expertly applied in fibre optics by Arnaud, who has also given 
results involving homogeneous functions [4,5].
In the next section we study the equation and general 
properties of ray paths in the chosen noncircular fibres. We use 
these results to identify the parameter space for bound rays, and then 
derive, in general, the major quantities of interest in fibre optics: 
power acceptance properties, ray transit time and impulse response.
These depend principally on the degree of homogeneity q of the grading 
function G3 hut not on its specific form. The details of ray paths in 
elliptical fibres are then given as a specific example, and finally, 
the effects of non-circularity on splicing losses is investigated.
9.3 RAYS IN NONCIRCULAR GRADED INDEX FIBRES
9.3.1 Ray paths: equation and properties
We recall from Chapter 3 that the general equation for a ray 
path in a medium of refractive index n is
(3.1)
where the path length s and the position vector R were defined in 
Figure (3.1). We again take the fibre axis as the z axis and 
following (2.1) take n as
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core: n2 = n2 (x,y)co J
= n2[1 - 2AG(x,y)], 0<G(x,y)<l ;
core-cladding
boundary: n2 = n2[1 - 2AG(x^,y^)]
= n2[1 - 2A] ;o
cladding: n2 = n2  ^= n2[l- 2A] . (3.2)
We have assumed a continuous profile so that on the core-cladding 
boundary, where x=x^, y=y^, we set G(x,y) = l.
As explained in the previous section, we concentrate on 
grading functions G which satisfy (2.5). A useful example of such a 
function is
(3.3)
where p is a shape parameter and q is the degree of homogeneity. The
contours for the cases p = 2 (elliptical fibre) and 6 are shown in
Figure 9.1. Note that p = 2  and p = p  =p reduces equation (3.3) to
q  ^ y
the special case G= (r/p) .
We now return to the ray path equation (3.1) with the 
refractive index distribution n given by the general formula of (3.2). 
The component of Vn in the axial (z) direction is zero, indicating 
a quantity that is constant along the ray path. This is the same 
invariant 3 as is found in the circularly symmetric fibre (3.2.2):
3 = n^- = n(x,y) cos 0(x,y) (3.4)
where 0 is the angle between the ray direction at a point and the z 
direction. The second ray path invariant of the circular fibre, £ 
(3.2.3), is no longer present however. The remaining components of 
Vn in (3.1) may be rewritten with the aid of (3.4) as
; 2  d ^ X 2 a-n A —  
° 9x
,22 d y 2 A 9G -n A
9y
(3.5a)
(3.5b)
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These equations can only be solved analytically for special forms of 
G(x,y). Reference [6] however, uses numerical methods to solve (3.5) 
for the paths of individual rays. Nevertheless, we can determine 
several useful characteristics of the ray paths without knowing their 
exact form.
From the geometry of an elemental length ds of the ray 
path we obtain ds2 = dx2 + dy2 + dz2where dx,dy,dz are elemental lengths 
in the three coordinate directions. This gives
+
,dz>
dyj2 n 2 
,dz
- 1 (3.6)
Since the left side of this equation is positive, n(x,y) > 3 for every 
point (x,y,z) on a ray path. This means that a ray of given ß is 
confined within a region of the fibre bounded by the contour n(x,y) = ß.
If the grading function G satisfies (2.5), then its partial 
derivatives are homogeneous functions of degree q-1. Using this 
fact in (3.5) reveals that the ray paths exhibit a scaling property. 
For example, if we have found the solution for a ray path as 
x=u(z/ß), y=v(z/ß), then x=au(yz/ß), y=av(yz/ß) will also be a 
solution of the ray equations if y=or/ where q is the degree of 
homogeneity of the function G, (2.5). If this condition is satisfied, 
the invariants of the two ray paths, ß^ and ß2> are related by
aq (n2 - ß2) o 1 (3.7)
where ß refers to the original ray path solution. Thus we could 
immediately describe a set of ray paths by finding a solution for a 
particular ß.
9.3.2 Ray classification
In this section we examine the range of ß associated with 
solutions of the path equations (3.5), and classify the ray paths 
based on their ß values. From the definition of ß (3.4) we have
~  770 < ß < n since we consider 0 < 0 < -r-.
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Those rays which do not reach the core-cladding boundary, 
i.e. possess an outer caustic (see Chapter 3), occupy a smaller section 
of this 3 range. We can determine the 3 limits for these rays by 
examining the radial coordinate r of a point on the ray path,
r2 = x2 + y2
Differentiating twice with respect to z gives
2
dzra + 3 1- 2ä (i + ^ )g| - 1 (3.8)
where we have used equations (3.5), (3.6) and Euler's theorem for 
homogeneous functions [7]:
(3.9)
At the outer turning point or caustic, dr/dz=0 and d2r/dz2 < 0, so 
(3.8) gives
no2Ah+f)
« G (3.10a)
Since over the core O ^ G ^ l ,  rays having an outer turning point in 
the core have
32 >  n2 - (l + ^ )n22A o  ^ V  o (3.10b)
Note that this condition depends only on the profile parameter q and 
not on the specific shape of the fibre. Although (3.10b) is a 
necessary condition for a ray to have an outer turning point, rays 
without such a caustic may also satisfy the same inequality. For 
example, we know that in a circular fibre, there are bound, tunnelling 
and refracting rays which all satisfy (3.10b), see Figure 3.5, yet 
only the bound and tunnelling ones have outer turning points in 
the core.
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We can further identify the (3 range for bound rays in the 
general, noncircular fibre since they are confined solely to the core. 
Now if a ray path exists anywhere in the cladding it has a real 
propagation angle 0 there, and cos 0= 3/n^ < 1. Thus the bound rays 
satisfy 3 > n^. We now summarize the classification of rays based 
on their 3 values:
bound rays: n .^fS^ncl o (3.11a)
rays with outer turning points in the core:
*2
^  3 ^  n1m a x i 0, n 2 - l+l-)n2 2 A )
l o 2 J o JJ (3.11b)
We cannot generally identify any tunnelling or refracting ray 
classifications, as is possible in the circularly symmetric fibre 
(section 3.2.2), without further specific information on the azimuthal 
variations in n. For elliptical profiles (p= 2 in (3.3)), Ankiewicz 
[6] has used the numerical solution of (3.5) to identify two ray 
classes based on the shape of their caustics.
9.3.3 Ray transit time
To complete our discussion of the properties of individual 
rays in noncircular multimode fibres, we now examine their time 
properties.
Following the previous analysis of intermodal dispersion in 
circularly symmetric fibres (section 7.2.1), we write the component 
of a ray's velocity in the z-direction as
v^ = [c/n(x,y)] cos 0(x,y) (3.12a)
= c3/n2(x,y) , (3.12b)
where c is the speed of light in vacuum. As this velocity varies 
along the ray path, the time taken to traverse an axial distance z, 
is
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(x,y)dz
o
(3.13a)
(3.13b)
where the integration is carried out along the ray path. We are 
interested in distances over which the ray path makes many 
oscillations. These oscillations are not necessarily periodic as is 
the case in circularly symmetric fibres, and we therefore use an 
average velocity, V :
T(z) = z/V (3.14a)
V 1 = (gc) 1 i av z n 2(x,y)dz (3.14b)
To evaluate this average we begin by rewriting (3.8) as
T  §2 = (1 + ^ )n 2 (x »y) §2 » (3.15)2 o
and then apply the averaging operator z- l dz:
II
2z
Z , j 2_d_/'dr_ 
dz ^ dz ’)dz = + n 2(x,y)dz- n 2 + 32)72 o
(3.16)
To evaluate the left-hand side of this equation we either consider 
sections of the ray path between the points where dr2/dz=0, or 
realize that we are averaging a bounded function [1]. Thus the left- 
hand side is zero and the first term on the right-hand side is that 
required in (3.14b). Substitution of (3.16) in (3.14a) there gives
2
T(z) c (2+q) , 8 + 28 (3.17)
Thus the ray transit time depends on the ray parameter 8., and on the 
refractive index profile only through the magnitude constant n a n d  
the degree of homogeneity q of the grading function G. Equation 
(3.17) is correct for both circular (7.2.3) and noncircular fibres,
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as long as the refractive index profile satisfies (2.5) and (3.2). A 
similar result to (3.17) has been given by Arnaud [4,5].
The inclusion of material dispersion effects in (3.17) 
follows the development of section (7.2.3) exactly. Thus equations 
(7.2.16) and (7.2.17) hold for both circular and noncircular profiles 
obeying (2.5).
9.4 BOUND RAY PROPERTIES
We have seen in section 9.3.2 that when the refractive index 
profile of the fibre is given in terms of a general, homogeneous 
grading function G, we can obtain only limited information about the 
individual ray paths. It is still possible however, to determine 
several useful properties of the ray families as a whole, and we now 
give some examples for the bound rays in a noncircular fibre.
9.4.1 Power acceptance
In this section we determine the power launched into the bound 
rays of a noncircular graded index fibre by a Lambertian source. The 
result of this calculation is related to the volume of the bound ray 
phase space or equivalently, the number of bound modes supported by 
the fibre [8].
We begin by following the analysis of section 3.4 with 
n(x,y) replacing n(r). From equation (3.4.3), the bound ray power,
P^, launched by the Lambertian source (incident intensity I = I o cos0^) 
is given by
n2 (x,y) cos 0 sin 0 d0 d(j) dx dy , (4.1)
where the angles 0^,0,cj) are defined in Figure 9.3. The limits for the 
0,(j) integrations are given by the range of angles corresponding to 
bound rays at the position (x,y), while the area integration is carried 
out over the fibre core cross-section. By substituting (3.4) and 
performing the (p integration, 0 < (j) < 2ir, we obtain
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• • * 'JtVT ••••••• »\ I
Figure 9.3 Geometry of a ray entering the fibre through area dA at 
position (r,ip) on the fibre entrance face, n^ is the refractive 
index of the medium abutting the fibre face.
I 2tt o 8 d 8 dx dy
co ncl
I TT O dx dy (4.2a)
L .1 CO
where co indicates the core cross-section. Further substitution of
(3.2) for n and n gives co cl
I TT n 2A
Ph = ~ ---r —  M  -b n . I col
G(x,y) dx dy (4.2b)
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where A is the cross-sectional area of the fibre core, co
To proceed further we transform the remaining integral to 
the polar coordinates r ,ip in the cross-sectional plane. Since G(x,y) 
is a homogeneous function of degree q it can be written as
G(x,y) = xqf(y/x)
= rq( cos 40qf ( tan 40
(4.3a)
(4.3b)
where f is an unspecified function. Substituting (4.3b) enables the 
r and integrations to be separated.
I tt n 2A o o A - ( cos 40 q f ( tan 40
p(40
rq+^ dr d4* (4.4)
where r=p(40 defines the core-cladding boundary. Since G(x,y) = 1 
on this boundary,
pq (40 (cos 40^ f(tan40 = 1 , (4.5a)
and
1 f2Tr
2 P2 («di|> = Aco (4.5b)
we can finally evaluate (4.4) to give the bound ray power,
I tt n 22A__2__ r_i_u
2 lq+2j co n.l
(4.6)
We note that P^ depends on the refractive index profile only through 
the degree of homogeneity q and on the fibre cross-section only 
through the area /I . The specific fibre shape is not involved, and
thus equation (4.6) is identical with the result for circular fibres 
[9]. For the example form of G(x,y) (3.3), the shape parameter p 
does not occur in equation (4.6).
9.4 182
9.4.2 Impulse response
The power launched into the bound rays does not vary as it 
propagates down an ideal, lossless fibre. Thus, if a Lambertian source 
launched a delta function pulse (in time) into the fibre, the total 
bound ray power passing a plane at a distance z down the fibre is the 
same as that launched. From (4.2a) this is
Pb
r r r  I 2tt o
2J J  J n.l
dx dy 8 d 8 (4.7)
where we have reversed the order of integration. The pulse will 
spread in time, however, because of the different transit times of the 
excited rays. When there is a one-to-one relationship between 8 and 
the transit time T, e.g. q ^ 2  in (2.5), we can use (3.17) to transform 
(4.7) giving
I 2tt o dx dy 8 dx dT (4.8a)
j Q(t)dT (4.8b)
where Q(x) is identified as the impulse response, or time distribution 
of the propagating power (see section 7.2.4). When two values of 8 
correspond to one of T for part of the propagating 8 range, Q(l) is 
the sum of two terms, each having the form indicated in (4.8).
We now give a few details of this impulse response 
calculation, based on the assumption of a one-to-one 8,1 transformation. 
Following the development of section 9.4.1 it is convenient to 
transform the area integration of (4.2a) to the r,\p coordinate system 
before reversing the integration order. This gives
2ttI nr o
8 d 8
(2tt rr 0Jj,8)
d\\) rdr (4.9)
cl
where r i(i[),8) is the boundary of that area of the core cross-section 
which will accept bound rays of a given 8 value, i.e. the contour 
along which n(x,y) = 8. After performing the r integration we can 
transform from 8 to T using (3.17). Equation (4.9) then becomes
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Pb
cß3(l + |) •2tt
(ip,3)di^ * (4.10a)
with
3 = [T(2+q) -  ( t 2(2+q)2 - 8q(nQz/c)2} 2]c /4z (4.10b)
and where T and T are  the  t r a n s i t  t im es o f  th e  f a s t e s t  and s lo w e s t  1 2
rays respectively, over the axial distance z. The impulse response 
is therefore
Q(t ) c
l2A1 CO
b+f) •2tt
r 2 (ip,g)dip (4.11)
where we have normalized the total power in the pulse to unity and
A is the core cross-sectional area. Now r (ip,3) is defined by co i
n(r , i p) = 8 or from (2.6)
B2 - n2 [1 - 2A{rl0 M ) / p « ) } q l (4.12)
Thus
r2(ip,ß) P2W (4.13)
and the integral in (4.11) can be evaluated using (4.5b) leading to 
the final expression for the impulse response:
Q(t ) 2n . zl
(2+q)
■4 O  •rn - p o
2/q
| ß2 - n2 £i o 2 ' ln22A o
(4.14)
Thus the impulse response depends only on the refractive index parameters 
and Aj and not on the specific form of the grading function G.
The fibre shape is not important; for example, the shape parameter p 
does not appear in (4.14) when the example profile of (3.3) is 
considered.
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9.5 ELLIPTICAL, PARABOLIC INDEX FIBRES
In the preceding sections we have derived some useful 
properties of the ray paths in noncircularly symmetric fibres while 
avoiding the difficult task of solving the ray equation for the paths 
themselves. In this section we examine a particular fibre for which 
the ray equation can be readily solved - an elliptical fibre with a 
parabolic variation of refractive index in the cross-section. An 
analytical solution can be obtained for this fibre, whereas in 
elliptical fibres with other than parabolic grading, numerical 
techniques must be used to solve the coupled differential equations 
(3.5) [6].
9.5.1 Ray path equation
We consider a fibre with semi-major and -minor axes of 
and respectively, and a refractive index distribution in the core of
nco(x’y) = no
2 2  ^ 2^ 
x y
(5.1)
The transverse components of the ray equation (3.5) now separate 
to give
3'
n2 2A o (5.2a)
and
§2 iti
dz
n22A
(5.2b)
The solutions of these equations are
x = A cos (^ z + Y ) , (5.3a)x x Ax
y = Ay cos (ftyZ + Xy) , (5.3b)
where are the spatial frequencies of the ray path’s oscillation
in the x and y directions respectively:
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ft = n /2Ä/(p g) , (5.4a)X O X
ft = n /2Ä/(p 3) = ft /(1 - £2)^ , (5.4b)y o y x
and we have introduced the fibre ellipticity £,
£2 - 1 - P 2/P2 y x (5.5)
The path parameters A^,k^,Xx *Xy are determined by the initial 
launching conditions of the ray. If a ray enters the fibre at the 
point x£,y£ in the entrance plane (z= 0), with characteristic angles 
0£,jj£ (see Figure 9.3) inside the core, the ray path parameters will
and
e = nCo(xr y£} cos >
C°S Xx = V Ax , cos X - y„M ,
(5.6a)
(5.6b)
p2(n2- B2)
A2 = x2 + — - — 2-----  cos2y0x £ n22A £ (5.7a)
p2(n2 - 32)
A2 = y2 + -2—  -----  sin2y
y Ä n22A £
(5.7b)
where n£ = nco(x£»y^)• This completes the specification of the ray paths
9.5.2 Interpretation of ray paths
Equations (5.3) define a Lissajous type motion [10] with
oscillations of different frequencies in the two component directions.
The projection of the ray path onto the fibre cross-section will
therefore be contained within a rectangle of sides 2A^ and 2A^ as
shown in Figure 9.4a. Except for certain special combinations of
ft and ft values [10], the projection of the ray path will eventually x y
pass through every point inside this rectangle. From (3.6) and (5.3)
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we find that the corners of the rectangle satisfy
rA ^ r A  ^
+ JL
I pJ IPJ (5.8)
Comparison of equations (5.1) and (5.8) indicates that this rectangle 
touches the contour ncQ(x,y) = 8 as shown in Figure 9.4b.
ray path
Figure 9.4 The projection of a ray path onto the cross-section of an 
elliptical fibre with parabolic index profile (5.1) lies inside a 
rectangle as shown in (a). The corners of the rectangle touch the 
contour defined by n (x,y) = 8. All rays with a given 8 are 
confined by rectangles touching this contour; there will be an 
infinite set of such rays with different rectangles determined by 
the launching conditions, and three examples are shown in (b).
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There are of course an infinite number of rectangles satisfying (5.8), 
(Figure 9.4b shows three examples). Although all of these rectangles 
enclose the projection of rays of the same ß, they correspond to rays 
with different launching positions and angles.
In a circular, parabolic index fibre (p^=p^ in equation 
(5.1)), the projections of the ray paths in the cross-section are 
ellipses [9]. We now investigate the changes in the geometry of these 
ray paths caused by an elliptical deformation of the fibre. For 
convenience, we specify the z = 0  plane to coincide with a point of 
maximum deflection of a given ray path in the x direction. Thus the 
ray path solutions (5.3) can then be expressed as
x = A cos [P! z] , (5.9a)x x
y A cos [ (^ + 6) z + y ] y x (5.9b)
= ^ + 6 , (5.9c)y x
where the phase term X = Xy~ (^y/^x)Xx * Combining equations (5.9a) 
and (5.9b) gives the following quadratic relationship for x and y,
+ - 2 ~ ~  j£- cos(x+ <5z) =sin2(x+<5z) . (5.10)
x y x y
The left-hand side of this equation defines an ellipse whose major 
and minor axes are not aligned with the x,y axes as shown in 
Figure 9.5. This can be easily verified by transforming (5.10) to 
the x,y coordinate system which is rotated through an angle £ from 
the x,y axes (Figure 9.5), where
2A A
tan 2C = ' ~2~'X~~2~ cos(x+<$z) (5.11a)A “ A x y
= tan 24^ cos(x+<5z) , (5.11b)
and
tan £, = A /A d y x (5.12)
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Figure 9.5 Elliptical ray path with axes making an angle £ with 
the x-axis as specified by (5.11).
Note that the angle is defined by the rectangle enclosing the ray 
path projection. Equation (5.10) now becomes
x 2
Ä 2 (z) +  —Vz) sin2(x + 6z) (5.13)
where the semi-axes A ,A vary with z. Equations (5.12) and (5.13)x y
show that at any given z, the projection of a point traversing the ray 
path is describing part of an ellipse. The ellipticity, and 
orientation with the x,y axes of this ellipse change with z.
As indicated above, the ray projection in the cross-section
of a circular, parabolic index fibre (f2 6 = 0) is a stationary
ellipse with an angle
C j tan 1 ( tan 2£^ cos y) (5.14)
between its major axis and the x axis. The projection of a point 
traversing the ray path will continue to describe this one ellipse.
In an elliptical fibre however, the orientation angle of the ellipse, 
4, oscillates in the following ranges
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-Cd< C < e d if 0 < Cd < tt/4
£ if tt/4 < < tt/2d d d
(5.15)
When C = ± Cdj the ellipse is actually one of the diagonals of the
rectangle which encloses the ray path, and the angle C varies between
these two extreme cases in an axial distance z , = tt/6. For fibres ofd
small ellipticity, £ « 1 ,  this distance zd is much larger than the 
distance between turning points in the circular fibre, z^ (3.2.16), 
(in the circular fibre, a point on the ray path completes an ellipse 
in a distance 2z^). Thus when £ «  1, a point on the ray path 
projection will appear to trace out an ellipse which varies slowly 
between the two diagonals of the enclosing rectangle.
9.5.3 Ray classification
We have shown in section 9.5.1 that the projection of a ray 
in an elliptical, parabolic index fibre is contained within a 
rectangle, Figure 9.4. We will now classify the rays in this fibre 
according to the size of this rectangle in relation to the core­
cladding boundary.
Bound rays are confined to the core region of the fibre and
so the enclosing rectangles must lie wholly inside the core boundary,
Figure 9.6a. Using (3.2) and (5.8), this condition on A ,A can bex y
stated as
Bound rays:
2
r A  -]X +LpJ Q. n 22Ao <  1 (5.16)
which is equivalent to (3.11a).
The remaining rays with outer turning points satisfy (3.11b), 
or equivalently,
rA
1 < +
rA -
"V
< 2 (5.17)
The four possible arrangements of the enclosing rectangle that satisfy
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Figure 9.6 Position of the ray-path-enclosing rectangle relative to 
the fibre core for an elliptical, parabolic index fibre. When a 
part of the rectangle lies outside the core, the ray may reach 
the fibre boundary and thus leave the core entering the cladding 
by refraction. This happens in (b), (c), (d) within one ray 
oscillation. (a) - bound rays; (b),(c),(d) - refracting rays, 
(e) - tunnelling/refracting rays.
this equation are shown in Figure 9.6b,c,d,e. Now the ray will always
touch its enclosing rectangle within one period of its x or y
oscillation. If it reaches the core-cladding interface before doing
is shown.
this, the ray will be refracted out of the core. This situation/in 
Figure 9.6b,c,d which can then be identified as representing 
refracting rays. Thus we have
Refracting rays: and/or (5.18)
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The remaining situation is shown in Figure 9.6e where
A < p and A < p but the corners of the enclosing rectangle are x x  y y
outside the core-cladding interface. Rays satisfying these conditions 
will be guided inside the core for a considerable distance before 
crossing the core-cladding interface as they approach the corners of 
the rectangle, as discussed in the previous section. Since these rays 
have ß < n  they lose power through tunnelling as they propagate in 
the core, due to the curvature of the core-cladding interface. Because 
these rays suffer tunnelling attenuation in the core, and refraction 
at the core boundary, we call them tunnelling/refracting rays. Note 
that the purely tunnelling rays of the circular fibre do not exist in 
the elliptical, parabolic index fibre. However, elliptical fibres 
with profile gradings which are not parabolic support both pure 
tunnelling and tunnelling/refracting rays [6].
If the fibre ellipticity £ (5.5) is small, we can estimate
the maximum axial distance over which these tunnelling/refracting
rays will remain within the core. This maximum will occur when the
corner of the rectangle in 9.6e is just outside the core-cladding
interface, thus ensuring that when the ray eventually refracts from
the core, it will be travelling along the diagonal of the rectangle.
The required maximum axial distance between launch and refraction is
then the z, of section 9.5.2: d
(5.19)
—  2For a typical multimode fibre with A«0.01, a 1% ellipticity (£ = 10 )
gives z .«  3 x 10 p which is much smaller than the distance over which d y
the tunnelling rays in a circular fibre carry a significant portion of 
the guided power in the core [9]. A similar result derived from modal 
theory, has been reported by Petermann [11,12] who studied its effect 
on the near-field scanning method of fibre profile determination.
Although the above discussions relate specifically to 
elliptical fibres, they are in part, more generally valid. For 
example, when the grading function G(x,y) can be separated into two 
terms,
G(x, y) = G1 (x) + G2 (y) ,
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then the path equations also separate into x and y forms as in (5.2), 
and the rectangular structure discussed above and in Figure 9.6 
remains correct.
9.6 SPLICING LOSSES IN NONCIRCULAR FIBRES
There have been several studies of the losses incurred in 
splicing multimode optical fibres due to the presence of various 
mismatches e.g. offset, tilt, different fibre diameters, etc., [13-15]. 
In this final section we examine the splicing of noncircular fibres 
in order to evaluate those losses which are peculiar to the non­
circular geometry.
9.6.1 Elliptical power law fibres
We first consider the splicing, without an air gap, of 
two elliptical fibres with power law profiles, and we allow the 
major axes of these fibres to intersect at angle a as shown in 
Figure 9.7. The refractive index distributions in the cores of the 
incoming and outgoing fibres of the splice are given by
1 - (6.la)
2nout 1- 2A
y, out
1 - £ cos' out (Tp-Ot) (6.1b)
where we have assumed that both fibres have the same n ,A and q,o
and r,ip are the polar coordinates in the cross-sectional plane, 
Figure 9.3.
We wish to determine the bound ray power transmitted across 
the splice, and assume a uniform power distribution incident there. 
This would correspond to the excitation of the ideal and lossless 
incoming fibre by a Lambertian source [8], In addition, we assume 
that the splice is sufficiently far from this source that all the
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Figure 9.7 Geometry for the splicing of two non-aligned, elliptical 
fibres. The fibre centres are coincident but their major axes 
are at angle a. The shaded areas show the regions in which the 
local critical angles of the two fibres, (6.3) and (6.6) are 
related as indicated.
power in the core 
dP, incident from 
r,if) in the splice
is propagating in the bound rays only. The power 
solid angle d^, on an elemental area dA at position 
cross-section is then (3.4.1)
dP = n?n (r,ijj) cos0 diw! dA
= n^n (r,i|;) cos0 sin0 d0 d(p dA (6.2)
where the angles 0,(f) are measured in the incoming fibre. The bound
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r a y  power i n  t h i s  incom in g  f i b r e  i s  i n c i d e n t  on dA a t  0 a n g l e s  l e s s
t h a n  t h e  l o c a l  c r i t i c a l  a n g l e  0 . ( r , ih)c ,  i n
0 . ( r , ip)  = cos  [n / n .  ( r , ip) ] , ( 6 . 3 )c , m  c l  m
w hich  c o r r e s p o n d s  t o  a ß v a l u e  o f  n  S i m i l a r l y ,  bound r a y s  i n  t h e
o u t g o i n g  f i b r e  p r o p a g a t e  w i t h  0 ( r , ip )  < out_ ( r , ip) . Thus t h e  power 
i n c i d e n t  on t h e  e l e m e n t  dA which  w i l l  be  l a u n c h e d  i n t o  bound r a y s  i n  
t h e  o u t g o i n g  f i b r e ,  i s
PdA( r ’«
2 tt 0u ( r > ^
o o
n i n ^ r , ^9 cos0 s i n 0  d0 d(p
TT n ^n ( r , i j j ) s i n 20u ( r , ^ ) ( 6 .4 )
where
6u ( r , 4 0  = m in [ 0 c ^i n (r,ij;) e c , o u t ( r - « 5 ( 6 . 5 )
i n  wh ich  t h e  s u p e r s c r i p t  T i n d i c a t e s  t h a t  t h e  o u t g o i n g  c r i t i c a l  a n g l e  
h a s  been  t r a n s f e r r e d  to  t h e  incom ing  medium u s i n g  S n e l l ’ s law:
6 . . ( r , ^ )c , o u t  ’ s i n
- l fno u t ( r , ^ )----------- r r - s i n  0 (r,ijj)n .  ( r  , i|j) c , o u t  , r ( 6 . 6 )
The t o t a l  bound r a y  power c o u p le d  a c r o s s  t h e  s p l i c e ,  Pc , i s  now
o b t a i n e d  by i n t e g r a t i n g  P 14(r,Ui) o v e r  A , t h e  a r e a  o f  t h e  s p l i c e°  dA com
c r o s s - s e c t i o n  t h a t  i s  common t o  b o t h  t h e  incom ing  and o u t g o i n g  f i b r e  
c o r e s :
P (a)  c
TT n 2 ( r , i | j ) s i n 20 (r,ijj) r d r  dij; m  u
Acom
( 6 .7 )
The a r e a  A i s  shown shaded  i n  F i g u r e  9 . 7  which  a l s o  i n d i c a t e s  t h o s e  com
a r e a s  i n  which  t h e  incom in g  o r  o u t g o i n g  c r i t i c a l  a n g l e  (0 . and
r j i  ^ J i n
0c Qut r e s p e c t i v e l y )  i s  t h e  s m a l l e r .  Along t h e  l i n e s  and
= ip , t h e s e  two c r i t i c a l  a n g l e s  a r e  e q u a l ,  s i n c e  we ha v e  assumed 
t h a t  n^^ i s  t h e  same i n  b o t h  f i b r e s  ( 6 . 1 ) .
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Figure 9.8 shows the bound power coupled between two 
parabolic index (q=2) elliptical fibres as a function of the 
alignment angle a. The coupled power is normalized by the total bound 
ray power incident on the splice from the incoming fibre, and we have 
chosen the core areas of the two fibres to be equal. Thus, both 
fibres have the same power carrying capacity according to equation 
(4.6). There is a 10% difference between the major and minor axes of 
the incoming fibre, and the curves are for several ellipticities in 
the outgoing one. We can see that even for the large ellipticities 
considered in Figure 9.8, rotational misalignment does not cause 
catastrophic losses in the splice.
Figure 9.8 Power coupling between elliptical fibres with parabolic 
index profiles. The fibres have the same cross-sectional area, 
but the incident fibre has p /p  =0.9 while the corresponding 
values for the second fibre ^reXshown on the curves. The 
incident fibre is excited by a Lambertian source and carries 
power P^nc> and power P^ is coupled into the second fibre (only 
bound rays are considered). a is the alignment angle of 
Figure 9.7.
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To determine the effect of ellipticity alone, we consider 
the splicing of an elliptical and a circular parabolic index fibre 
with the same core area. We take the incoming fibre to be 
elliptical and plot in Figure 9.9 the bound ray power coupled into 
the circular fibre as a function of the incoming fibre's ellipticity. 
This figure shows that there is little loss incurred in the splice 
for the small ellipticities achievable in practice.
In the preceding analysis we have assumed a uniform power 
distribution incident on the fibre splice. If there are any 
irregularities in the incoming fibre's geometry however, the 
resultant mode coupling will destroy the uniform power distribution
Figure 9.9 Power P coupled into a circular fibre from an elliptical 
fibre carrying power P. launched by a Lambertian source, as a 
function of the ellipticity £^(5.5). The fibre centres are 
coincident in the cross-sectional plane and only bound rays 
are considered.
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launched by the Lambertian source, and tend to establish a nonuniform 
steady-state distribution [16]. If such a distribution existed at 
the fibre splice we would expect the resulting power loss to be 
smaller than that indicated in Figures 9.8 and 9.9 [13].
9.6.2 Identically shaped, power law fibres
In this section we investigate the splicing of two 
identically shaped and correctly aligned (i.e. a=0 in Figure 9.7) 
fibres. We consider two fibres with refractive index distributions 
of the form (section 9.3.1)
with the same n , A and p in each. We do however, allow the fibres to o
have different index parameters q.
The first case of interest occurs when the q of the outgoing 
fibre is greater than that of the incoming, i.e. 9out> Then, at
every point in the cross-section of the cores, excluding the axis and 
core boundary:
nout(x’y) > nin(x>y) (6.9a)
nout(x’y) - ncl > nin(x>y) - ncl (6.9b)
where the refractive index of the cladding is the same in both fibres. 
Using (6.3) and (6.6) we then obtain
0 (x,y) > 0 . (x,y)c,out c,m q > q.out m (6.10)
and so, from (6.4) and (6.5), all the bound ray power incident on the 
splice will be coupled into the bound rays of the outgoing fibre.
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The r e m a in in g  c a s e  h a s  q < q^n w h ich  g iv e s
6c , o u t ( x ’y ) < e c , i n ( x ’ y) q . < q .no u t  nm ( 6 . 11 )
T his  means t h a t  th e  bound power c o u p le d  i n t o  t h e  o u tg o in g  f i b r e  i s  th e  
same a s  would be  la u n c h e d  i n t o  i t  by a f u l l  L a m b e r t ia n  s o u r c e .  From 
( 4 .6 )  t h i s  g iv e s
p
c ^ou t / q in  I
p .m e k u t + 2j / q . + 2' ' i n  ' ( 6 . 12)
9 . 7  CONCLUSION
We h av e  se en  t h a t  t h e  p h y s i c a l  p r o p e r t y  o f  s i m i l a r  o r  shape  
p r e s e r v i n g  c o n to u r s  o f  c o n s t a n t  r e f r a c t i v e  in d e x ,  l e a d s  to  a 
m a th e m a t ic a l  r e p r e s e n t a t i o n  o f  t h e  p r o f i l e  g r a d in g  f u n c t i o n  G i n  term s 
o f  homogeneous f u n c t i o n s .  Thus, th e  power law p r o f i l e  [ ( r / p ) ^ ]  o f  
c i r c u l a r  f i b r e s  i s  r e p l a c e d  by t h e  g e n e r a l  r e q u i r e m e n t  t h a t  G (x ,y )  
be a homogeneous f u n c t i o n  o f  x and y o f  d e g re e  q. Such a n o n c i r c u l a r  
p r o f i l e  m a i n t a i n s  th e  c r u c i a l  t r a n s i t  t im e  p r o p e r t i e s  o f  t h e  power law 
p r o f i l e  r e g a r d l e s s  o f  sh a p e ;  th e y  have  t r a n s i t  t im e s  w hich  depend 
o n ly  on q and 3 , i r r e s p e c t i v e  o f  th e  v a r i e t y  o f  o t h e r  p a r a m e te r s  w hich  
may be n eed ed  to  f u l l y  l a b e l  t h e  r a y s .  In  a d d i t i o n ,  th e  p r a c t i c a l  
c o n s i d e r a t i o n s  o f  power l a u n c h in g  and f i b r e  s p l i c i n g  a r e  a l s o  shown 
to  b e  l i t t l e  d e p e n d e n t  on s h a p e .
I t  may t h e r e f o r e  p ro v e  a d v a n ta g e o u s  f o r  some s p e c i f i c  
a p p l i c a t i o n s ,  to  e x p l o i t  t h e s e  i n v a r i a n c e s  and i n t e n t i o n a l l y  
d e v e lo p  c e r t a i n  n o n c i r c u l a r  w a v e g u id e s ,  e . g .  to  enhance  c o u p l in g  to  
i n t e g r a t e d  o p t i c s  d e v i c e s ,  o r  to  a c h ie v e  g r e a t e r  a c c u r a c y  i n  th e  
a l ig n m e n t  p r o c e d u r e s  used  d u r in g  s p l i c in g .
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CHAPTER 10
NONDESTRUCTIVE PROFILE MEASUREMENT 
OF NONCIRCULAR PREFORMS
10.1 INTRODUCTION
Our previous studies of pulse dispersion (Chapters 7-9) 
have shown that the transmission bandwidth of an optical fibre is 
principally dependent on the refractive index profile in its core.
The continuing quest for greater bandwidths has therefore demanded 
tighter control of the refractive index profile during manufacture, 
and increased accuracy when measuring that profile. Considerable effort 
has recently been directed towards developing nondestructive techniques 
that can provide these measurements with a minimum of sample 
preparation [1-16]. These methods are usually based on either the 
scattering of light from the fibre [1-12], or interference microscope 
techniques [13-16]. A common requirement of nondestructive profiling 
methods is the immersion of the fibre in index matching fluid to 
remove cladding effects. However, after recognizing that the 
refractive index profile of a fibre is closely related to that of the 
preform from which it was drawn [17], Chu [11] has proposed a method 
for determining the profile of the preform, that requires neither 
sample preparation nor matching fluid.
When applied to graded index profiles, all of these methods 
have assumed that in the cross-sectional plane of the fibre or 
preform, the refractive index distribution is circularly symmetric.
It is clearly important to determine how these profile measurements 
will be affected by the slight noncircularity that is inherent in 
fibres and preforms (see Chapter 9). In this chapter we therefore 
investigate the effects of this noncircularity on Chu's method for 
measuring the preform profile [11]. We begin by quickly reviewing
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Chu's method for circular preforms, and then give quantitative results 
for the change in the fundamental measurement that would occur if the 
unclad preform was elliptical. Also, we give an approximate analytical 
analysis of this elliptical case, and use it to show how the circularly 
symmetric profile that would be predicted by Chu’s method, can be very 
simply modified to give the correct elliptical one. We next investigate 
other noncircular unclad preforms which are not elliptical. Finally, we 
discuss how noncircularity will affect the complete measurement of clad 
preforms.
10.2 CIRCULAR PREFORMS
The basis of Chu’s method is to shine a laser beam 
perpendicular to the preform axis and record the exit angle ty(yQ ) of 
the beam as a function of the displacement, y , of the beam from the 
x axis. Figure 10.1a shows the geometry of the launching arrangement 
for the simple case of an unclad, circular preform of radius p and 
refractive index profile n(r), which is surrounded by a medium of 
index n(p). This is the basic problem to be considered. Chu has 
shown how it relates to a clad preform in air, and we comment on this 
in section 10.4.
For the circular geometry of Figure 10.1a we obtain the 
following integral equation for ip (y ) [11,18]:
t(y0) 2 cos
- l ry. - 2yQn(p) dr
r[n2(r)r2 - n 2(p)y2f2
(2.1)
in which r is the solution of o
r2n2(ro) - y 2n2(p) = 0 . (2.2)
Chu [11] uses the Abel inversion on (2.1) to obtain an expression for 
n(r), which is based on the integral of \p(yQ ) . Thus, in order to 
examine the effects of different preform geometries on this measurement 
technique, we will study the behaviour of i|;(y ) . As a basis for 
comparison, we first consider the circular preform whose refractive
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Y
Figure 10.1 Geometry for a light ray passing through the cross-section 
of preforms which are (a) circular, radius p, and (b) elliptical 
with semi-axes p ,p . The ray is incident parallel to,and at 
height yQ from t?ie X axis, and ip is the angle of deflection.
index profile is given by the standard power law variation,
n2(r) = npl-2A(r/p)q] , r«p . (2.3)
Figure 10.2 shows plots of \Jj(yQ) for several values of q.
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0-4 06Vp
Figure 10.2 Ray deflection angle i(j as a function of incidence height 
y for a circular preform (Fig. 10.1a). q is the profile grading 
parameter (2.3) and nQ =1.5, A=0.01.
10.3 NONCIRCULAR PREFORMS
When the contours of constant refractive index in the preform 
cross-section are no longer concentric circles, there is no simple 
equation for ty(y ) that can be inverted to give the refractive index as 
a function of position. Our basic approach in this case is to calculate
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(y ) numerically for the particular geometries involved, and to then 
determine the differences between the true refractive index profile, 
and the n(r) which would result, if the i[i(y ) was inverted assuming 
that the preform was actually circular.
10.3.1 Ray tracing algorithm
In order to calculate i[i(y ) for these comparisons, the 
following ray tracing algorithm [19] was implemented. If r(s) is the 
position vector of a point on the ray path, and s measures distance 
along that path, then by assuming continuous derivatives (as is the 
case in the present situation), we can expand r(s) in a Taylor series 
about the point r(sQ):
r(s) r(s ) +~ o
dr
ds As+2T
s=so
d2r
ds2
(As)2 + ...
s=so
(3.1)
where s = sq + As . By introducing the ray vector v,
dr
Y = ~  »ds
and the curvature vector K,
dv d2rK = —  = — f  ,
ds ds
equation (3.1) may be rewritten as
(3.2)
(3.3)
('As') 2 ('As') 3 dSr(s) = r ( s o) + As v(so) + K(sq) + + ... (3.4)
s=s
Similarly, the ray vector is given by
v(s) v(s ) + As K(s ) + o o
(As)2 £5 
2! ds + .. .s=so
(3.5)
To evaluate the curvature vector K, we start with the usual ray 
equation [18]
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57 [n(r)y] = Vn (3.6)
and expand the left-hand-side derivative. This eventually gives
K = ^  [Vn - y(v . Vn) ] . (3.7)
Our aim is to include terms of order (As)3 or less in (3.4), and so 
we require an expression for dK/ds. This is obtained by direct 
differentiation of (3.7), using the relationship
Vn = (y . V)Vn . (3.8)
Then,
dK
n —  = (v . V) Vn - v{K . Vn + v . [ (v . V) Vn] } - 2 (v . Vn)K , (3.9)ds ~ ~ ~ ~ ~ ~ ~  ~ ~ ~ ~ ~
where, in terms of x,y, unit vectors in the x,y directions of the 
cross-sectional plane (Figure 10.1),
(3.10)
Thus, repeated use of equation (3.4) allows us to trace out the ray 
path. The initial conditions are given by the entrance point on the 
preform (Figure 10.1b):
r = x x + y y , (3.11a)
o o
v = x , (3.11b)
and K, dK/ds calculated from (3.7) and (3.9). The magnitude of As is 
varied to obtain convergence and high accuracy.
All the results in this chapter for ifj(yQ) have been obtained 
using this simulation technique.
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10.3.2 Elliptical preforms - simulation results
As a first example of noncircular preforms we assume that the 
contours of constant refractive index are concentric ellipses 
(Chapter 9),
n 2(x,y) + (3.12)
The x and y axes coincide with the major and minor axes of the preform 
respectively, and may be at an angle y to the x,y axes as shown. We 
expect that ellipticity would approximate the dominant noncircular 
perturbation of the preform.
We first let y = 0  and examine the effect of varying the 
ellipticity £,
e2 = 1 - (Py/Px)2 , (3.13)
in a preform with a parabolic index gradient (q= 2). The resulting 
plots of M Y q ) are shown in Figure 10.3 for various values of £. Note 
that £=0.312 corresponds to a 5% difference between the axes of the 
preform. Figure 10.4 shows the results for an elliptical (£=0.312) 
parabolic preform with various angles y between the preform's major 
axis and the direction of the incident beam. The maximum launch 
height at which the beam can hit the preform varies with y. Figures 
10.3 and 10.4 indicate that ellipticity can have an appreciable effect 
on i[>(y )• For example, a 5% difference between major and minor axes 
produces changes in i|;(y ) from the circular case of the same order 
as those created by varying q by 10%. However, comparison of Figures 
10.2b and 10.3 shows that the variations in i[»(yQ) have a different 
dependence on q and £, a conclusion which is not altered by the 
alignment variations shown in Figure 10.4. Rather than using Chu's 
numerical inversion scheme to produce n(r) from these results, we now 
examine some analytical results which relate i|) variations back to 
equivalent or effective refractive index profiles.
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Figure 10.3 Ray deflection angle 1» as a function of incidence height 
y for an elliptical preform with various ellipticities £. The 
e?lipse is symmetrically placed, i.e. y = 0  in Fig. 10.1b. The 
profile is parabolic (q = 2) and no =1.5, A =0.01.
10.3.3 Elliptical preforms - approximate analysis
We can readily obtain an equation for the ray path in the 
cross-sectional plane from Fermat’s principle [18], which states that 
the optical path length of a ray is stationary with respect to its 
neighbouring rays between two points. Mathematically, this can be 
expressed as
or
6 n(x,y)ds = 0
6 n(x,y)[1+ (y')2] 2dx = 0
(3.14a)
(3.14b)
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Figure 10.4 As in Figure 10.3, but with ellipticity £= 0.312 and 
various angles y. Note that i/j(0) is not exactly zero when 
Y / 0° or 90°, but for small A the deviation is extremely small.
where the prime indicates differentiation with respect to x. Denoting 
the integrand in (3.14b) by L, the Euler equation for the ray path is 
then
_d_[3L_] = 9L
d x(By ’ J 9y
This becomes, after substitution for L,
On2 , On2 _ 2n2y"
3y “ y 3x [i+ (y1)2]
(3.15)
(3.16)
When the index parameter A (3.12) is small, the ray path can be 
approximated to order A by
y = yQ - A f(x) (3.17)
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where  f  i s  an unknown f u n c t i o n  o f  x and (x , y  ) i s  t h e  p o i n t  where  t h eo J o
r a y  e n t e r s  t h e  p r e f o r m .  S i m i l a r l y ,  (x i s  t h e  e x i t  p o i n t  ( s e e
F i g u r e  1 0 . 1 b ) .  For  t h e  e l l i p t i c a l  p r e f o r m  we may w r i t e  t h e  r e f r a c t i v e  
i n d e x  n a s
n 2 = n 2 [1 -  2A N(R) ] (3 .1 8 )
(x cos  Y + y s i n  y) 2 + (y cos  y -  x s i n  y) 2
2 2 n n
i q ^
and N(R) i s  an u n s p e c i f i e d  g r a d i n g  f u n c t i o n  ( n o t  n e c e s s a r i l y  t h e  power 
law f u n c t i o n  o f  ( 3 . 1 2 ) ) .  S u b s t i t u t i n g  e q u a t i o n s  (3 .1 7 )  and ( 3 .1 8 )  
i n t o  ( 3 .1 6 )  g i v e s ,  to  f i r s t  o r d e r  i n  A
f M(x)
3R dN 
8y dR (3 .2 0 )
We can  now d e t e r m i n e  t h e  e x i t  a n g l e  ip:
t a n  ip dx x=x
A f ' (x  )
l
l
‘1 3R 
9y
dN (3 .2 1 )
y=y,
s i n c e  y ’ = 0 a t  x = xq . For a c i r c u l a r  p r e f o r m  (Px = P ^ = p ) ,  t h i s  becomes
, &2y0t a n  ip % ----2 ‘i dN ( 3 .2 2 )
We r e c a l l  f rom s e c t i o n  9 . 5  t h a t  f o r  t h e  s p e c i a l  c a s e  o f  a p a r a b o l i c  
g r a d i n g  f u n c t i o n ,  t h e  r a y  p a t h s  i n  an  e l l i p t i c a l  p r e f o r m  can  be 
d e t e r m i n e d  e x a c t l y .  However , s i n c e  we a r e  c o n c e r n e d  h e r e  w i t h  
e s t a b l i s h i n g  t h e  c i r c u l a r  e q u i v a l e n t  o f  an e l l i p t i c a l  p r e f o r m  w i t h  a 
g e n e r a l  g r a d i n g  f u n c t i o n ,  d e t a i l s  o f  t h i s  p a r a b o l i c  c a s e  a r e  n o t  g iv e n  
h e r e ,  b u t  a r e  p r e s e n t e d  i n  t h e  Appendix  f o r  c o m p l e t e n e s s .
To p r o c e e d  f u r t h e r ,  we c o n s i d e r  a t r a n s f o r m a t i o n  o f  v a r i a b l e s
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i n  e q u a t i o n  ( 3 .1 9 )  to  change  t h e  e l l i p t i c a l  geomet ry  o f  F i g u r e  10 .1b
i n t o  an e q u i v a l e n t  c i r c u l a r  o n e .  T h i s  i s  a c h i e v e d  by i n t r o d u c i n g  t h e
v a r i a b l e s  (x ,y  ) ,  where e q ’ -'eq ’
R + y M / peq
2
eq ( 3 .2 3 a )
i n  which  p i s  eq
F i g u r e  1 0 .1 b :
t h e  maximum v a l u e  o f  y on t h e  p r e f o r m  bounda ry  i n
p 2 = p 2c o s 2y + p 2s i n 2y eq y x
The new v a r i a b l e s  a r e  d e f i n e d  by y = y andJ eq J
x = a x + b y  eq J
w h e r e ,  f rom s u b s t i t u t i o n  i n  ( 3 . 1 9 ) ,
a  = p2 /p p eq x y
b = cos  y s i n y  (p2 - p 2) / p  p y x x y
E q u a t i o n  ( 3 .2 1 )  t h e n  t r a n s f o r m s  to
A2p p 
I x yt a n  ip Ä ! e q j v dN o dR
dNly —  + bx  t^ M x ~ eq dRJ eq
o eq
(3 .2 3 b )
( 3 .2 4 a )
(3 .24b )
( 3 .2 4 c )
(3 .2 5 )
where  we ha v e  k e p t  y gq = y Q d u r i n g  t h e  i n t e g r a t i o n .  S i n c e ,  to  o r d e r  A,
x = - x  , and t h e  second  t e rm  i n  ( 3 .2 5 )  i s  an odd f u n c t i o n  o f  o eq l eq
x ^ ,  we f i n a l l y  o b t a i n
t a n  ip &  A
P P x y T eq dN 
dR
xo eq
(3 .2 6 )
A c om pa r i son  o f  t h i s  e q u a t i o n  w i t h  ( 3 .2 2 )  shows t h a t  the  e l l i p t i c a l  
preform  g iv e s  a ip versu s  y^ curve which i s  the  same as th a t  g iven  by a 
c ir c u la r  preform  (the  "e q u iv a le n t"  preform ) w ith  e x a c tly  the  same 
p r o f i l e  fu n c tio n  N b u t w ith  ra d iu s  p and index  d i f fe r e n c e  param eter
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A = A ( p p  / p 2 ) . ( 3 .27 )eq x y eq
We n o t e  t h e  two s i m p l e s t  c a s e s ,  p = p when Y = 0 and p = p when* eq y eq x
Y = i r / 2 .
The a c c u r a c y  o f  t h i s  r e s u l t  may be c o n f i r m e d  n u m e r i c a l l y  f o r  
v a l u e s  o f  A a p p r o p r i a t e  t o  o p t i c a l  f i b r e s .  For  example ,  F i g u r e  10 .5  
shows t h e  maximum d i f f e r e n c e  between ip(yQ) v a l u e s  c a l c u l a t e d  f o r  an 
e l l i p t i c a l  p r e f o r m  and t h e  e q u i v a l e n t  c i r c u l a r  p r e f o r m  d e f i n e d  i n  ( 3 . 2 7 ) ,  
when t h e  g r a d i n g  f u n c t i o n  i s  a power law.
max
F i g u r e  10 .5  The maximum e r r o r  made in  t h e  i[»(y ) v a l u e s  when an e l l i p t i c a l  
p r e f o r m ,  w i t h  e l l i p t i c i t y  £ as  shown, i s  r e p l a c e d  by t h e  e q u i v a l e n t  
c i r c u l a r  p r e f o r m  d e f i n e d  i n  ( 3 . 2 7 ) .  The a n g l e  y ( F i g .  10 .1b )  i s  
z e r o  and p e r c e n t  e r r o r s  a r e  shown f o r  a r a n g e  o f  t h e  p r o f i l e  
p a r a m e t e r  q .
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These results suggest the following method for measuring the
refractive index profile of small A elliptical preforms. Since the
diameter is of order 2 cm, we can measure and p , and then align
the preform to obtain ip(y ) measurements for y=0. If the measurements
are then assumed to be those of a circular preform, and inverted by Chu's
method [11] to give the refractive index, we will obtain details of
the equivalent circular preform. This gives the correct profile
function N(R) with R as in (3.19), and also A , from which we obtaineq
the correct A via (3.27)
10.3.4 Other noncircular preforms
We now generalize the power law profile to the form
n 2(x,y) n 2o
p^ q/p^
(3.28)
where p is a parameter determining the shape of constant refractive 
index contours (see section 9.2 for a detailed discussion of these 
profiles). The approximate (small A) analysis of the previous section 
can now be applied to profiles defined by (3.28). Thus, by direct 
substitution in (3.21) when y=0, we obtain
tan ip
y •vp'vl/p 
o
x F ( l - q / p ,  1; 1+1/p; [1 - (yQ/ p ) P ]) , (3.29)
where F(a,b;c;d) is the hypergeometric function [20]. For a parabolic 
index preform (q= 2), in which the refractive index contours are 
concentric ellipses (p = 2) , (3.29) gives
tan = 4 A x y / p 2 , q = p = 2 . (3.30)o o y
There is no simple equivalent circular preform when p/ 2.
Figure 10.6 shows i|;(y ) curves for parabolic index preforms 
with contours of different shapes. Comparison with Figure 10.2
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Figure 10.6 Ray deflection angle ip for a preform with a noncircular 
profile as in (3.28). The alignment angle, y=0. The profile 
is parabolic, q=2, n =1.5, A =0.01 and the shape parameter p 
is as shown.
indicates that changing the shape of the contours produces a change in 
4>(y ) that is similar to that caused by changing the grading parameter 
q in a circular preform. It therefore appears that if a preform having 
a non-elliptical perturbation was processed using Chu's method, the 
refractive index variation, i.e. the profile grading function, as well 
as the difference A would be in error.
10.4 PREFORMS WITH CLADDINGS
All of the preceding results have assumed the simplified
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geometry of Figure 10.1, i.e. an unclad preform surrounded by a medium 
of refractive index n(p). In the more practical situation of a clad 
preform surrounded by air, Chu has shown how to modify the measurement 
procedure to take account of the refraction through the cladding. The 
technique is simply to rotate the x,y coordinate axes for each launching 
position, so that the x axis is parallel to the ray path in the cladding 
(see Figure 2 of Ref. [11]). Because of the circular symmetry assumed 
by Chu, this modification reduces the problem to the simple geometry 
of Figure 10.1a, thus enabling the profile of the core to be determined 
as before.
If the circular symmetry is absent however, (e.g. in 
elliptical preforms), this axis rotation will give the situation of 
Figure 10.1b, but with a different y for every launch position. Thus 
the resulting ^(yQ) measurements will consist of points, selected 
from a set of curves showing the effect of y (e.g. Figure 10.4). This 
will destroy the equivalence between the i[i(y ) produced by an elliptical 
preform, and that given by a circular one of suitably adjusted radius 
and A (see section 10.3.3). It would therefore appear that to correctly 
measure the profile of a clad, elliptical preform it is necessary to 
introduce index-matching fluid around the cladding, thereby negating 
one of the advantages of Chu's original method.
10.5 CONCLUSION
We have seen that Chu's method for nondestructively 
measuring the refractive index profile of optical fibre preforms can 
be extended to cover the case of elliptical preforms. When the non­
circularity takes a different form however, the ray deflection 
measurements cannot be related to those of an equivalent, circular 
preform and Chu’s method will give incorrect profile functions. For 
noncircular preforms, it appears to be necessary to introduce an index­
matching fluid into the experimental procedure, in order to avoid 
the extra complications in dealing with refraction at the preform 
boundaries.
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This index-matching has been adopted in a new profiling 
technique called the focusing method [21-23]. Similar in concept to 
Chu's approach [11], this method simultaneously launches rays at all 
possible incident heights. It will therefore be affected by the 
presence of ellipticity in the core, as discussed in the previous 
sections.
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APPENDIX: ELLIPTICAL PARABOLIC PREFORMS
We consider an elliptical preform with a parabolic grading 
function (q= 2 in (3.12)) and attempt to find an exact analytical 
expression for the ray path and deflection angle ip. We assume Y = 0 
in Figure 10.1b, and so
n 2 (x,y) n 2U -  2A o (A. 1)
The required ray path is then found from the Euler equation (3.15):
/ l +  (y')z 3n2 = _d_ 
2n 3y dx
ny
/l + (y7 )TJ
(A. 2)
Substituting (A.l) and writing
^  —  —  (v2)y' 2y' d x 17 ’ (A.3)
we obtain
n A , o d
p 2 dx
(y2) = - -1 _d_
2 dx A+ (y’)2i (A.4)
Integrating this equation gives
2 . i S L  fay')2 
2n2A [1+ (y1)2]
+ c (A.5)
2>
where is a constant given by the initial launching conditions of 
the ray at (x^y^), (see Figure 10.1b). Since y* = 0 at this point, 
Ci = yo . We may now substitute from (A.l) for y 2/Py to obtain
dy
flK dx
(A.6)
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After separating the x and y dependence, integration of this equation 
gives
/iK sin ^iyG, X . -1s m/IK
/IK
p 1 - 2A — )21HXV < l p y J  j >
+ c (A.7)
in which the constant C  ^ is again determined by the launching 
conditions at the point (x0 »yQ)* Thus we finally obtain the equation 
for the ray path:
' f r ">
Px sin ^
Xo / 2A - sin ^ X / 2A
b P xV
1 - 2AY2° J 1 - 2AY2 oJ J
(A.8)
in which Y = y /p .o o y
The exit point the ray ( x ^ y  ), see Figure 10.1b, satisfies 
the equation for the preform boundary:
(A.9)
By substitution of this equation in (A.6) we can determine the ray 
deflection angle ip:
tan if; dx x=x.
2 2X - X 1 O (A.10)
Finally, we obtain the approximate (small A) forms of y and y' 
used in section 10.3.3. This follows from (A.8) by applying the small 
argument expansions of cos and sin ^ . Thus,
Ay
y %  y + — j ( x - x  )2 . (a .li)
y
Substitution of this approximate form in the boundary equation (A.9) 
gives the exit point, to order A, as
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x i % (1 + 4A y )  • (a .i2)
y
The ray deflection angle is then
taniji % 4Ax y /p2 . (A.13)o^o y
We note that the exact forms of y,y’ and ip (A.8), (A. 6) and 
(A.10) can only be obtained for the parabolic, elliptical preform 
assumed in (A.l). However, the small A results for these functions 
can be calculated for the more general refractive index profile of 
(3.28). The approximate formula for ip in this case has been given 
in (3.29).
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